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Abstract— A two-dimensional target can be effectively and
efficiently tracked from angle-only measurements only if the
observing platform is sufficiently maneuvering. Covert passive
sonar TMA problem is a common application, and, for that,
a two-leg platform pattern is appealing both in observability
and simplicity. Now, suppose communication relating to the
platform’s estimate of the target is intercepted by the target:
Can the target therefrom infer where the (covert) platform
must have been? This paper both answers the question and
gives algorithms to solve it.

I. INTRODUCTION

Classical observability results for TMA (target motion
analysis) appear in [11], [5]. In fact, by successive differen-
tiations of the measurement function, a necessary condition
was derived and it was shown that a platform maneuver
is a needed prerequisite to ensure observability of the tar-
get; however unobservable maneuvering-platform trajectories
could exist. This analysis was rigorously extended, in the
form of a necessary and sufficient condition, in [14], [4], [2],
[9]; a comprehensive analysis of observability related to prac-
tical scenarios was also conducted in [9]. These results were
also demonstrated in discrete-time in [6] via linear algebra;
observability insights in different scenarios were presented,
and also a stochastic observability (and estimability) analysis
was performed. In [7] a theoretical connection between the
invertibility of the Fisher information matrix (FIM) and target
(local) observability was established. In [13] (and references
therein) the optimal platform maneuver was designed, in the
sense of the best estimation accuracy in terms of the FIM.

Most TMA algorithms do not deal with missed nor false
detections. ML (maximum likelihood) estimates of target
parameters for both wideband and narrowband passive sonars
in the presence of false detections (clutter), based on the
probabilistic data association technique (ML-PDA) are de-
rived in [8]; the performance of the estimator was evaluated
in terms of the Cramér-Rao lower bound (CRLB). It was
shown that the effect of the clutter on the performance
through the CRLB was simply via a product with a less-than-
unity scalar, called the information reduction factor (IRF).

The main contributions of the paper are summarized as
follows.
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• We study the “inverse” problem of identifying the plat-
form trajectory through its ML-PDA estimation results
on a target. The platform is assumed to have executed
a two-legs maneuver, probably the simplest trajectory
that guarantees observability of the target. More general
classes of trajectory could be examined, but are not,
within this study; there is no reason not to assume
that these results could be extended to other platform
trajectory parameterizations; or even to select between
for multiple parameterizations.

• We derive and study the objective function to be op-
timized for identifying the platform trajectory; it is
shown that the optimization of this function depends
on neither the IRF nor the measurement variance at the
platform side; that is, the exact1 information to identify
the platform trajectory is unnecessary.

• It is demonstrated that the platform trajectory is unob-
servable unless it keeps a constant speed during its two
different legs.

• We use an efficient and practical algorithm, based
on derivative-free local search, to solve the nonlinear
problem associated with the identification task.

The paper is organized as follows: In Sec. II we introduce
the models and give background on the ML-PDA approach;
in Sec. III we formulate the problem of inverse localization
and we show some important identification properties; in Sec.
IV we show, by simulation, the performance of the proposed
solution; some concluding remarks and future research are
given in Sec. V; proofs and derivations are confined to the
Appendices.

II. SYSTEM MODEL

A. Observation model

The system model is described graphically in Fig. 1. We
assume that the target is observed by the platform at n time
samples, i.e. t ∈ T , {t1, . . . , tn}; also we define the
set of indices I , {1, . . . , n}. In the following we will
explicitly list all the assumptions made, starting from the
motion models of the platform and the target.

Assumption I: We assume that the target moves ac-
cording to a constant velocity (CV) motion model [1].
For this reason we define pT (ti) ,

[
ξT (ti) ηT (ti)

]t
and vT ,

[
ξ̇T η̇T

]t
as the position at ti and the

(constant) velocity 2-D vector of the target; ξ and η are

1We will show however that for devising an efficient local-optimization
algorithm a range of variability should be given; however the width of this
range does not affect significantly the performance.



used to denote the east and north directions. Given the
CV assumption, {pT (t1),pT (tn)} uniquely define the state
of the target at ti ∈ T . Therefore we append them in
xT ,

[
pT (t1)t pT (tn)t

]t
, which represents the true

target state vector, unknown at the platform side. The target
motion model has the explicit expression:[

ξT (ti)
ηT (ti)

]
= pT (t1) + (ti − t1) · vT , ti ∈ T (1)

= pT (t1) +
(ti − t1)

(tn − t1)︸ ︷︷ ︸
,αi

[pT (tn)− pT (t1)] (2)

Assumption II: We assume a platform moving accord-
ing to a “two-legs” motion model; this requirement not
only ensures observability of the target from the platform
point of view [11], [12], but also represents the easiest
trajectory that can be followed by the platform. We denote
pP (ti) ,

[
ξP (ti) ηP (ti)

]t
, vP,1 ,

[
ξ̇P,1 η̇P,1

]t
and

vP,2 ,
[
ξ̇P,2 η̇P,2

]t
, as the position at ti ∈ T , first-

leg and second-leg velocity vectors; also we group xP ,[
pP (t1)t vtP,1 vtP,2

]t
into the platform state vector,

representing the unknowns at the target-friendly side. Note
that xP does not uniquely define the platform trajectory,
since the turning time tk is also needed.

Assumption III: Throughout this paper we will make
the simplifying assumption that tk is known at the target-
friendly side. In fact it is reasonable to assume that tk in
practice will happen nearly the middle of the observation
interval, i.e., tk ≈ tn−t1

2 , in order to assure a good degree
of observability. This assumption will be relaxed in Sec. IV,
where a sensitivity analysis w.r.t. the timing-uncertainty on
tk will be shown. Therefore, once tk is assumed to be known,
the platform motion model is explicitly described as[

ξP (ti)
ηP (ti)

]
= (3){

pP (t1) + (ti − t1)vP,1 ti < tk

pP (t1) + (tk − t1)vP,1 + (ti − tk)vP,2 ti ≥ tk
Note that here the magnitudes of vP,1 and vP,2 are arbitrary.
As shown later, unique identifiability of the platform trajec-
tory (our goal) requires these magnitudes to be the same,
i.e., the platform speed should be constant.

B. Estimation model

The statistical assumptions on the measurements are sum-
marized as follows.

Assumption A: The bearing (true) measurement κi, col-
lected by the platform at ti, follows the model

κi = θi(xT ,xP ) + ni = arctan

(
ξT (ti)− ξP (ti)

ηT (ti)− ηP (ti)

)
+ ni

(4)

where θi(xT ,xP ) denotes the noise-free bearing (we stress
the dependence on both platform and target state vectors) and
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Fig. 1: System model considered for our application. The
crosses refer to the bearing measurement at snapshot ti ∈ T .

ni ∼ N (0, σ2
θ). For notational convenience we also define

here the range ri(xT ,xP ) at ti as

ri(xT ,xP ) , ‖pT (ti)− pP (ti)‖ (5)

Assumption B: We assume, as in realistic environments,
that a passive sonar at ti ∈ T collects a set of measure-
ments z(i), due to clutter and non-perfect detection. More
specifically, we have

z(i) , {zj(i)}mij=1 (6)

where mi denotes the number of collected measurements
at ti ∈ T . The statistical assumptions over the set in Eq.
(6) are: (i) the true measurement κi can be detected at
most only once, with probability PD; (ii) the number of
false measurements at ti ∈ T follows a known probability
mass function µF (·), given by a Poisson law with known
expected number of false alarms per unit of volume λ;
therefore the false measurements are distributed uniformly
in the surveillance region (in the bearing space).

Assumption C: We assume independent noises corrupting
the set of measurements, that is P (z(i1), z(i2)|xT ,xP ) =
P (z(i1)|xT ,xP )P (z(i2)|xT ,xP ), ∀i1 6= i2.

Under the reported assumptions and denoting x̆T (resp.
x̆P ) as the true target (resp. platform) state vector, the ML-
PDA estimate x̂T is obtained as

x̂T , arg max
xT

n∏
i=0

P (z(i)|xT , x̆P ) (7)

where the likelihood P (z(i)|xT , x̆P ) is given in explicit
form as follows (u is the surveillance volume):

P (z(i)|xT , x̆P ) = u−mi(1− PD)µF (mi)

+
u1−miPDµF (mi − 1)

mi
×

mi∑
j=1

1√
2πσθ

× exp

(
−1

2

(
zj(i)− θi(xT , x̆P )

σθ

)2
)

(8)

Note that x̆P is assumed known at the platform side. It was
shown numerically in [8] that the covariance matrix of the



ML estimator essentially attains the CRLB and therefore ML
is an efficient estimator. For this reason the covariance matrix
is well approximated by the inverse of the FIM, namely,

J(xT ,xP , αθ) , (9)

αθ

n∑
i=0

∇xT (θi(xT ,xP ))∇t
xT (θi(xT ,xP ))︸ ︷︷ ︸

,Ju(xT ,xP )

where
αθ ,

q2(λvg, PD, g)

σ2
θ

(10)

with q2 representing the IRF [8], where vg and g denote
the volume of the validation region and the gating threshold,
respectively. It can be shown, after some manipulations, that
∇xT (θi(xT ,xP )) has the explicit expression

∇xT (θi(xT ,xP )) = (11)

1

ri(xT ,xP )


(1− αi) cos(θi(xT ,xP ))
−(1− αi) sin(θi(xT ,xP ))

αi cos(θi(xT ,xP ))
−αi sin(θi(xT ,xP ))


The FIM at the platform side is necessarily evaluated

as Jobs , J(x̆P , x̂T , ᾰθ), where ᾰθ denotes the true
αθ, known at the platform side. Given the results of the
estimation process at the platform side, that is {x̂T ,Jobs},
our task can be summarized as follows.

We wish to identify the platform state, represented by xP ,
by observing only the estimation results of the ML-PDA, that
is {x̂T ,Jobs}. It is worth remarking that the unknowns of
this deterministic problem are represented by {x̆P , ᾰθ}. In
fact, even if ᾰθ does not contribute to specify the platform
trajectory, it has to be identified to solve this task. The first
important remark is that the identification problem is function
only of x̂T rather than the true trajectory x̆T . This has
an important consequence: the identification of the platform
trajectory does not depend on the true target trajectory x̆T ;
however we will show that due to the sensitivity w.r.t. the true
platform parameters, a “larger” FIM matrix will lead to an
easier identification in terms of local optimization routines.

III. OBJECTIVE FUNCTION

As a starting point of the identification problem, it would
be natural to solve the non-linear equation

J(x̂T ,xP , αθ) = Jobs (12)

for the variables xP and αθ. However, as stated by the
following proposition, we will show that this system is un-
observable, since there exists an infinite number of solutions
satisfying Eq. (12).

Proposition 1: If {x∗P , α∗θ} is a solution of (12), then each
{x′P , α

′

θ} generated by the subspace

{x
′

P , α
′

θ} = {βx∗P + (1− β)x̄E , β
2α∗θ}, β ∈ R (13)

x̄E ,
[
p̂T (t1)t v̂tT v̂tT

]
(14)

is also a solution of (12).

Proof: The proof is given in Appendix I.
The above proposition states that no unambiguous iden-
tification of the platform trajectory x̆P is possible when
the platform is following a trajectory according to Eq. (3)
with different speed in each leg. The explanation of this is
given by the fact that a convex combination (through β) of
the platform and the (augmented) target state vector would
produce the same FIM with an αθ scaled by β2. At this
point it is worth pointing out the difference between this
requirement and the target estimation, in which the platform
maneuver is the only prerequisite to ensure observability of
the target.

When both legs of the platform trajectory are constrained
to have the same speed s, that is

s , ‖vP,1‖ = ‖vP,2‖ (15)

it can be shown that the subspace described by Eq. (13)
violates constraint (15) (see Appendix I), hence identification
of the platform trajectory is possible. More specifically, the
constraint in Eq. (15) represents a necessary condition for
observability of the platform trajectory. On the basis of this
constraint we define a new platform-state vector xsP (and we
denote the true platform-state vector as x̆sP ) as follows

xsP ,
[
ξP (t1) ηP (t1) s φ1 φ2

]
(16)

φi , arctan2

(
η̇P,i ; ξ̇P,i

)
, i ∈ {1, 2} (17)

Thus Eq. (12) becomes

J(xsP , αθ) = Jobs (18)

with unknowns xsP and αθ (starting from here we drop
the dependence on x̂T to keep the notation simple). In
general, the non-linear system described by Eq. (18) can still
admit multiple solutions, since there is no theoretical proof
that the constraint in Eq. (15) is also a sufficient condition
for observability of {xsP , αθ}. This is because proving that
{xsP , αθ} → J(xsP , αθ) is a one-to-one mapping is an
extremely difficult task. Nonetheless, we will show, through
simulations in Sec. IV, that this property is satisfied and that
xsP can be identified.

To solve Eq. (18) in an efficient way we consider the
search for the minimum of the Frobenius norm F(xsP , αθ),
namely,

{x̂sP , α̂θ} = arg min
{xsP ,αθ}

∥∥Jobs − J(xsP , αθ)
∥∥
2︸ ︷︷ ︸

,F(xsP ,αθ)

(19)

It is easy to see that the global minimum (corresponding
to a zero value) of Eq. (19) corresponds to the solution of
Eq. (18). Although studying the function in Eq. (19) appears
as arbitrary (in fact other matrix distance norms can be
considered), there is a twofold reason behind this choice:
• We will show in the following that F(xsP , αθ) (see

(22)) can be expressed in terms of a weighted-square-
distance, and an important property of weighted non-
linear least squares problems can be exploited [10];



• In the case of a noisy observation of the FIM, i.e. Jy =
Jobs +N , with N representing a matrix with i.i.d real
Gaussian entries N`,m ∼ N (0, σ2), `,m ∈ {1, . . . , 4},
the pair {x̂sP , α̂θ} obtained from Eq. (19) coincides
with the ML estimate [1]. Nonetheless in the following
we will consider only a noise-free observed FIM for
simplicity and the distinctions from the noisy case will
be stressed in the proof of the theoretical results.

The first step to express Eq. (19) in terms of a convenient
weighted-least squares problem is to search for independent
entries of J(xsP , αθ). The following Lemma will be used.

Lemma 2: The FIM J(xsP , αθ) has only 9 independent
entries.

Proof: The proof is given in Appendix II.
Exploiting Lemma 2, we can express Eq. (19) in terms
of a weighted-square distance, as stated by the following
proposition.

Proposition 3: The norm in Eq. (19) can be equivalently
written in the form

F(xsP , αθ) =
[
jobs − j(xsP , αθ)

]t
W
[
jobs − j(xsP , αθ)

]
(20)

where jobs ∈ R9 and j(xsP , αθ) ∈ R9 are obtained by
stacking the independent components of J(xsP , αθ) and
Jobs, respectively and W

W = diag
([

1 1 1 1 2 2 4 2 2
]t)

(21)

is a diagonal weighting matrix.
Proof: The proof is given in [3].

Note that j(xsP , αθ) retains the same factorization as
J(xsP , αθ), that is, j(xsP , αθ) = αθju(xsP ), where ju(xsP )
is defined accordingly to Eq. (9). Hence Eq. (20) can be
rewritten as

F(xsP , αθ) =
[
jobs − αθju(xsP )

]t
W
[
jobs − αθju(xsP )

]
(22)

Note that the minimization of the objective function in
Eq. (22) is in the standard form of non-linear weighted
least squares [10]. Additionally in this case the non-linear
weighted square distance is linear in some of the parameters
to be estimated, in this case αθ, and thus this non-linear
problem can be solved in a reduced dimension space; the
details are given by the following proposition.

Proposition 4: The minimization of the 6-dimensional
objective F(xsP , αθ) is equivalent to maximization of the
objective G(xsP ), defined as

G(xsP ) ,
〈
jobs, c(xsP )

〉2
(23)

c(xsP ) ,
Wju(xsP )

[ju(xsP )tWju(xsP )]
1/2

(24)

Proof: The proof is given in [3].
The maximization of G(xsP ) has the advantage of reducing
the search space from R6 to R5. The exclusion of αθ also
allows a search only in the subspace of variables determining
the platform trajectory. An important issue in local optimiza-
tion routines that determines their success, is the choice of a
good initial guess. In [3] a good initialization, based on the
FIM and geometry, is suggested; we do not report it here.
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Fig. 2: Platform and target trajectories considered.

IV. SIMULATION RESULTS

In this section we consider a scenario, taken from [1],
to corroborate the theoretical results presented2. In Table
I we report the list of parameters known at the platform
side. It is worth noting that ᾰθ is completely specified by
q2 (obtained as in [8, Table II]) and σθ. In Table II we
report the list of parameters known at the target-friendly
side, after intercepting the ML-PDA estimates. The interval
[αθ,min, αθ,max] (needed to obtain the initial guesses [3])
is obtained as follows. We assume that the target-friendly
entity possesses the coarse information σθ ∈ [1, 2]◦ and q2 ∈
[0.652, 0.982] (under the assumptions3 that λvg ∈ [0.1, 0.5],
PD ∈ [0.8, 1], g = 5, cf. [8, Table II]), thus leading to
αθ ∈ [532.2449, 3206.5] rad−2.

Fig. 2 presents a plot of the platform and target trajecto-
ries. It is worth noting that this scenario represents a low-
observability case, as shown through the 95% confidence
ellipses of p̂T (t1) and p̂T (tn) in Fig. 2.

The convergence properties of the algorithm are illustrated
in Fig. 3, and the performance is analyzed in terms of the
time-averaged root-square position-error (RSPE) defined as

RSPE(m) ,
1

n

n∑
i=1

‖p̂mP (ti)− p̆P (ti)‖ (25)

with p̂mP (·) denoting the output of the local optimization
routine after m iterations. It is apparent that there is no
monotonic decrease of the RSPE, since the maximization
of the objection function is conducted w.r.t. the vector xsP ;
however convergence is assured with an acceptable number
of iterations (recall that there is no need to compute Jacobian
at each iteration and so each iteration is very light from a
numerical point of view). In [3] it is verified in several cases
that the true platform trajectory is identified exactly (recall
that this is a deterministic problem); such results confirm our
conjecture on the uniqueness of the Eq. (18).

2A second scenario with different convergence is available in [3].
3Note that in Table II the asterisk indicates that those parameters are only

needed to compute wise initial guesses for the local optimization procedure,
but not for the maximization of Eq. (23).



TABLE I: Parameters known at the platform side.

Parameter Value Unit
tn − t1 800 s

ti − ti−1, i ∈ I\{1} 4 s

x̆sP
[

104 2 · 104 7.1 3
4
π π

4

]t [
m m m/s rad rad

]t
q2(λvg , PD, g) q2(0.3, 0.9, 5) = 0.814 dimensionless

σθ 1 deg.
ᾰθ = q2/σθ 2.6580 · 103 rad−2

TABLE II: Parameters known at the target-friendly side.

Parameter Value Unit
tn − t1 800 s

ti − ti−1, i ∈ I\{1} 4 s
x̂T [ 15× 103 35× 103 −10 5 ]t [ m m m/s m/s ]t

k 101 dimensionless
q2* ∈ [0.652, 0.982] dimensionless
σθ* ∈ [1, 2] deg.
αθ* ∈ [532.2449, 3206.5] rad−2
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Fig. 3: RSPE as a function of the number of iterations. Note
that the procedure is best initially seeded from three initial
guesses, as described in [3].

Turning time tk sensitivity analysis

In this paragraph we will remove the assumption that the
turning time tk is known at the target-friendly side and we
will show the effects of a grid search on the time index,
denoted as k. Fig. 4 shows the RSPE (obtained as the
minimum along the three zones) as a function of the assumed
index k. It is apparent that the true platform trajectory is
still identifiable; however the RPSE w.r.t. to the index k is
not a unimodal (discrete) function and therefore no “naïve”
golden-search method can be applied to identify the platform;
rather a parallel approach is needed.

V. CONCLUSIONS

In this paper we studied the problem of identifying the
platform motion from its ML-PDA estimation results on an
observed target—the estimation of the stealthy estimator.
We have addressed only the common “two-leg” platform
trajectory; a similar analysis could be performed to other
platform trajectories (such as a constant speed turn). We
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Fig. 4: Sensitivity analysis.

demonstrated that even a general “two-leg” platform motion
model can lead to ambiguity in the identification, while a
constraint of constant speed motion ensures observability
of the platform. We modelled the problem as a Frobenius
norm minimization and we found a convenient objective
function, exploiting the FIM repeated elements due to its
symmetry and independent on the the platform measurement-
related parameters, namely αθ. Finally, we corroborated
the theoretical findings and we shown the effectiveness of
the approach for the choice of the initial guesses, through
simulation results. Future research will tackle incomplete
(and noisy) intercepted information and different platform
motion models.

APPENDIX I
PROOF OF PROPOSITION 1

To prove this proposition let us assume that there exists
a solution {x∗P , α∗θ} such that J(x̂T ,x

∗
P , α

∗
θ) = Jobs. Now

let us consider the subspace {x′P , α
′

θ} defined as

{x
′

P , α
′

θ} =
{
βx∗P + (1− β)x̄E , β

2α∗θ
}
, β ∈ R (26)



where x̄E ,
[
p̂T (t1)t v̂tT v̂tT

]t
. The subspace contains

the set of platform trajectories whose velocity and position
vectors are linear combinations of the ones of the platform
trajectory defined by x∗P and the estimated target trajectory.

In this case the corresponding θi(x̂T ,x
′

P ) and ri(x̂T ,x
′

P )
have the explicit expressions

θi(x̂T ,x
′

P ) = arctan

(
ξ̂T (ti)−(βξP (ti)+(1−β)ξ̂T (ti))

η̂T (ti)−(βηP (ti)+(1−β)η̂T (ti))

)
= θi(x̂T ,x

∗
P ) (27)

ri(x̂T ,x
′

P ) =
√

(ξ̂T (ti)−(βξP (ti)+(1−β)ξ̂T (ti)))
2+(η̂T (ti)−(βηP (ti)+(1−β)η̂T (ti)))

2

= βri(x̂T ,x
∗
P ) (28)

By plugging Eqs. (27) and (28) into Eq. (11) we obtain
the equality

∇xT (θi(x̂T ,x
′

P )) =
1

β
∇xT (θi(x̂T ,x

∗
P )) (29)

Using Eq. (29) we can express J(x̂T ,x
′

P , α
′

θ) as

J(x̂T ,x
′

P , α
′

θ) = (30)

=
(
β2α∗θ

) n∑
i=0

1

β
∇xT (θi(x̂T ,x

∗
P ))

1

β
∇t

xT (θi(x̂T ,x
∗
P ))

(31)
= J(x̂T ,x

∗
P , α

∗
θ) (32)

Since {x∗P , α∗θ} and {x′P , α
′

θ} (independently of β) lead both
to Jobs, J(·) does not represent a one-to-one mapping, which
makes the platform-state vector xP unidentifiable.

APPENDIX II
PROOF OF LEMMA 2

We start by observing that J(x̂T ,x
s
P , αθ) and

∇xT (θi(x̂T ,x
s
P )) can be expressed similarly as Eqs.

(9) and (11). Also, for notational convenience let us define

yi ,
1

ri(x̂T ,xsP )

[
cos(θi(x̂T ,x

s
P )) − sin(θi(x̂T ,x

s
P ))

]t
(33)

and rewrite ∇xT (θi(x̂T ,x
s
P )) as

∇xT (θi(xT ,x
s
P )) =

[
(1− αi)yi
αiyi

]
(34)

Substituting Eq. (34) into the explicit form of
J(x̂T ,x

s
P , αθ), we get

J(x̂T ,x
s
P , αθ) ,

[
J [1, 1] J [1, 2]
J [2, 1] J [2, 2]

]
(35)

= αθ

[ ∑n
i=1(1− αi)2yiyti

∑n
i=1 αi(1− αi)yiyti∑n

i=1 αi(1− αi)yiyti
∑n
i=1 αi

2yiy
t
i

]
(36)

where we have underlined the block-decomposition arising
from Eq. (34) into [2 × 2] matrices J [`,m], `,m ∈ {1, 2}.
Since we have that J [1, 2] = J [2, 1], only three matrices

contain non-repeated entries (i.e., the 4 entries of J [1, 2] or
J [2, 1] can be neglected). Also, since J [1, 1], J [2, 1] and
J [2, 2] are symmetric matrices, there is a repeated entry in
each of them, thus leading to 3 other dependent entries.
Therefore the 16 entries of the FIM actually contain only
9 independent elements. W.l.o.g. we consider here (and
throughout the paper), the following independent entries (we
drop the dependence w.r.t. x̂T , xsP and αθ) and we denote
with C the corresponding set of indices:

{J1,1, J2,2, J3,3, J4,4, J1,2, J1,3, J1,4, J2,4, J3,4} (37)
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