
IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. *, NO. *, MONTH YYYY 1
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Abstract—This paper deals with the problem of testing the
equality of M covariance matrices. We first identify a suitable
group of transformations leaving the problem invariant and
obtain the corresponding Maximal Invariant Statistic. Then,
the Generalized Likelihood Ratio Test (GLRT) is recalled and
explicit expressions for Rao, Wald, Gradient and Durbin tests
are provided. Also, equivalences among them and with other
well-known tests proposed in open literature (mostly for the real-
valued case) are analyzed and compared. Finally, the application
of the proposed framework to the relevant signal processing
application of multi-pass Coherent Change Detection (CCD) in
polarimetric Synthetic Aperture Radar (SAR) is demonstrated
both on simulated and on live data.

Index Terms—Invariance theory, GLRT, Rao Test, Wald test,
Covariance Testing, Polarimetric SAR, Multi-Pass CCD.

I. INTRODUCTION

A. Motivation and Related Works

THE PROBLEM of testing whether a set of M Gaussian
populations shares the same covariance matrix Σ1 =

· · · = ΣM is a classical problem in hypothesis testing which
has been shown to be of relevant interest in Signal Processing
(SP). Indeed, the applications of covariance equality testing
to SP include a wide variety of practical problems, such as
spectral analysis [1], camera-based target tracking [2] and
Synthetic Aperture Radar (SAR) [3], just to name a few.

A widespread decision procedure for testing the equality
of covariance matrices is represented by the Generalized
Likelihood Ratio Test (GLRT), first developed by Wilks in
[4]. In the case of unequal number of samples (and unknown
means) for all the considered populations, this test is known to
be biased and a (slight) modification was proposed by Bartlett
to obtain an unbiased test. These tests have been object of
wide interest over the past decades and several works appeared
on characterization of their distributions. The unbiasedness of
the GLRT (Bartlett test) was analyzed for the case of real
observations for M = 2 [5] and M ≥ 2 [6], respectively. The
approximated distribution of the GLRT for testing the equality
of M covariance matrices was analyzed in [7], while the exact
distribution of the Bartlett test for the equality of M covariance
matrices (with unknown means) was derived in [8]. A similar
analysis for GLRT and Bartlett’s test was tackled in [9].

With reference to statistical literature, many works have
focused on the case of M = 2 populations and several
alternative tests have been proposed for this specific setup
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(for a detailed recap, the interested reader may consult [10]).
Among the most common, we have the tests suitable for
the one-sided testing (i.e., the change is represented by the
eigenvalues of Σ1Σ

−1
2 becoming higher than one), such as

those proposed by Roy [11], Kiefer and Schwartz [12] and
Pillai [13] (later shown to be locally most powerful invariant
for the one-sided alternative Tr

[
Σ1Σ

−1
2 − I

]
> 0 in [14]

and locally-minimax in [15]). However, those tests are truly
effective when “the direction” of the change is known a priori.
A comparison among tests handling a one-sided alternative
was reported in [16].

For this reason, testing a two-sided alternative is often
deemed more appropriate in some relevant SP applications,
since the direction of change is not known in advance and
any deviation (in any direction) from the covariance equality
constraint is of interest. With reference to the latter problem,
Greenstreet and Connor compared the GLRT and Bartlett’s
test (as well as other slight modifications) in [9]. Differently,
Nagao proposed an ad-hoc alternative statistic for testing the
equality of M covariance matrices in [17]. Wakaki focused on
the case M = 2 and proposed a class of statistics for two-sided
(viz. symmetrized) testing, including Nagao and GLR statistics
as special instances, and derived asymptotic distributions under
both hypotheses [18]. Ad-hoc detectors for the case M = 2
were also developed in [19]. A comparison among GLRT,
Bartlett’s test and other ad-hoc tests was reported in [20] for
two-sided testing, focusing on M = 2. With the same intent,
Schott proposed an asymptotic Wald-type test for the same
problem in [21]. Later, a similar study was developed by Hallin
and Paindaveine in [22], which proposed a decision statistic
for the Gaussian case, along with a robust modification for the
non-Gaussian setup. Later, the same authors have relaxed the
finite fourth-order moments assumption by proposing robust
tests to heavy-tailed distribution by resorting to “elliptical
ranks and signs” [23]. The minimal complete class of invariant
tests (for M = 2) for both two-sided and one-sided alternatives
was obtained in [24], thus confirming that GLRT and Nagao
test are both admissible1 against a two-sided alternative.

We point out that some of the aforementioned works
resorted to the so-called Principle of Invariance [25], [26].
Indeed, the aforementioned principle, when exploited at the
design stage, allows to focus on decision rules enjoying some
desirable practical features. The preliminary step consists in
identifying a suitable group of transformations which leaves
the formal structure of the hypothesis testing problem unal-
tered. Of course, the group invariance requirement leads to a
(lossy) data reduction. The least compression of the original

1A test t is termed admissible if there is no other test, ensuring the same
false alarm rate, which has a detection probability uniformly greater than or
equal to but not identically equal to that of t [25].
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data ensuring the desired invariance is represented by the
Maximal Invariant Statistic (MIS), organizing the original data
into equivalence classes. Therefore, every invariant test can be
expressed in terms of the MIS [25]. Thus the mentioned princi-
ple represents an effective tool for obtaining a statistic which is
invariant with respect to (w.r.t.) the set of nuisance parameters,
therefore constituting the natural enabler for Constant False
Alarm Rate (CFAR) rules. The use of invariance theory to
design CFAR detectors has been object of wide attention in
adaptive detection literature, see [27]–[31].

Although testing the equality of covariances is mature in the
statistical literature [10], [32], we believe that a unified treat-
ment aimed at the design and analysis of ready-to-use CFAR
detectors to practitioniers in SP field is desirable. Clearly, such
study would require the essential use of invariance theory and
also a methodological derivation of the closed-forms of several
general tests conceived for a two-sided alternative. To this end,
it would be useful establishing the explicit form of the well-
known Rao and Wald tests [33], as well as the less common
Terrell [34] and Durbin tests [35] for the problem considered,
with the aim of investigating potential connections among
these results and with the alternative design criteria provided
in [17], [21], [22]. Qualitative and quantitative comparison of
such a “large umbrella” of rationales, in our opinion, would
also fill the gap toward the application of these established
tools to more complicated equality testing problems.

As a matter of fact, during the last years covariance equality
testing has received renewed interest in the context of (multi-
pass) Coherent Change Detection (CCD) among polarimetric
SAR images, where its fundamental tools have been success-
fully applied, starting from the works in [3], [36] and, more
recently, in the studies appeared in [37]–[41]. These references
are discussed hereinafter. Conradsen et al. first proposed the
GLRT use for a two-pass (i.e., M = 2) change-detection
problem, by providing attractive results with real data [36].
Novak then provided a general GLRT analysis for the multi-
pass case (M > 2) [3]. A similar study was later provided by
Conradsen et al. in [38]. Successively, Chen et al. proposed
a combined double-selectivity detector for CCD in [37]. The
case of compound-Gaussian was then treated in [39] and in
[42], where the covariance matrix was estimated under the
assumption of a spherically-invariant random vector. To the
best of our knowledge, the first application of invariance theory
to detectors design for a two-pass CCD problem is represented
by [40]. The same framework was then adopted to enforce
scale-invariance in CCD between two passes in [43]. More
recently, the effectiveness of the Lawley-Hotelling test has
been analyzed in [44] for a two-pass task. The extension of the
two-pass problem to multi-frequency data is provided in [41].
The problem of CCD in polarimetric SAR represents also the
focus of the numerical analysis in the present paper, so as to
confirm the attractiveness of the present study by means of an
experimental validation.

B. Summary of the Contributions

The main contributions of the present work can be summa-
rized as follows:

• We analyze the general problem of testing equality among
M covariance matrices in the complex-valued Gaussian
case, focusing on two-sided testing;

• We identify and discuss the natural invariances associated
to the problem, allowing to design detectors which are
insensitive to the unknown (common) covariance under
the hypothesis H0 (no change). To do so, we explicitly
derive the MIS for the considered problem. In this case
we focus on the group of lower triangular matrices with
positive diagonal elements, representing a less restrictive
group ensuring reduction of null hypothesis H0 to a
simple one (thus ensuring CFARness). The MIS result has
not been provided in the literature, up to our knowledge;

• First, we recall the GLRT expression for the problem
considered [32]. Then, we derive explicit instances of
Rao, Wald, Gradient and Durbin tests, constituting a
novel contribution of this work. Then, we compare them
to the ad-hoc decision statistics proposed independently
in [17], [21], [22], with the aim of establishing either
coincidence or statistical equivalence. All these rules are
also analyzed via the tools of invariance theory;

• Finally, with reference to the problem of multi-pass CCD
through polarimetric SAR, simulation and real data anal-
yses are provided to draw a complete comparison of the
considered detectors, along with interesting conclusions
on the representative trends.

C. Paper Organization

The remainder of the paper is organized as follows: In
Sec. II we formulate the problem under investigation while
in Sec. III we analyze the natural invariances and derive a
MIS for the problem at hand; successively in Sec. IV we
derive theoretically-founded detectors; in Sec. V we compare
the obtained detectors with some ad-hoc tests provided in the
open literature; in Sec. VI we apply the obtained results to
CCD based on polarimetric SAR data; finally, in Sec. VII we
draw some conclusions; proofs and derivations are confined to
separate Appendices (and to supplemental material)2.

2Notation - Lower-case (resp. Upper-case) bold letters denote vectors (resp.
matrices), with an (resp. An,m) representing the n-th (resp. the (n,m)-
th) element of the vector a (resp. matrix A); RN (resp. CN ) and HN
(resp. H++

N ) are the sets of N -dimensional vectors of real (resp. complex)
numbers and of N×N Hermitian (resp. positive-definite Hermitian) matrices,
respectively, while R+ denotes the set of positive-valued real numbers; E{·},
Cov[·], (·)T , (·)†, (·)∗, det(·), Tr [·], ⊗, vec(·), ‖·‖ (resp. || · ||F ), <{·}
and ={·}, denote expectation, covariance, transpose, Hermitian, conjugate,
matrix determinant and trace, Kronecker product, matrix vectorization into
column vector, Euclidean (resp. Frobenius) norm, real and imaginary part
operators, respectively; j denotes the imaginary unit; 0N×M (resp. IN )
denotes the N×M null (resp. identity) matrix; 0N (resp. 1N ) denotes the null
(resp. ones) column vector of length N ; blkdiag(A1, . . .AM ) denotes the
block-diagonal matrix obtained by placing the matrices A1, . . .AM along
the main diagonal block; Chol(X) denotes the (unique) lower triangular
matrix (with positive diagonal elements) obtained from Cholesky decompo-
sition of X ∈ H++

N , that is, X = Chol(X) Chol(X)†; ∂f(x)
∂x

(resp.
∂f(x)

∂xT ) denotes the gradient (resp. the gradient transpose) of scalar valued
function f(x) w.r.t. vector x arranged in a column (resp. a row) vector;
the symbols “∼” and “∝” mean “distributed as” and “statistically equivalent
to”, respectively; x ∼ CNN (µ,Σ) denotes a complex (proper) Gaussian-
distributed vector x with mean vector µ ∈ CN×1 and covariance matrix
Σ ∈ H++

N ;X ∼ CNN×M (A,B,C) denotes a complex (proper) Gaussian-
distributed matrix X with mean A ∈ CN×M and Cov[vec(X)] = B⊗C;
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II. PROBLEM FORMULATION

We assume that a set of complex-valued vectors samples
rm,k ∈ CN×1, m ∈ {1, . . .M}, k ∈ {1, . . .Km}, is available,
for a total of K ,

∑M
m=1Km samples. Under the null

hypothesis (H0) the whole data set is assumed to be drawn
in independent and identically distributed fashion according to
a common complex circular zero-mean Gaussian distribution,
that is, rm,k ∼ CNN (0N ,Σ1), where Σ1 ∈ H++

N .
Differently, under the alternative hypothesis (H1), vectors

corresponding to different populations are drawn according
to complex circular zero-mean Gaussian distributions, that
is, rm,k ∼ CNN (0N ,Σm), where Σm ∈ H++

N , m ∈
{1, . . . ,M}. In compact form, after defining the data matrix
of m-th population as Rm ,

[
rm,1 . . . rm,Km

]
and

the overall data matrix as R ,
[
R1 · · · RM

]
, we can

formulate the hypothesis testing problem3 as:{
H0 : R ∼ CNN×K(0N×K , IK ,Σ1)

H1 : Rm ∼ CNN×Km
(0N×Km

, IKm
,Σm), m = 1, . . .M

(1)
From the above formulation it is apparent that both the
hypotheses H0 and H1 are composite, i.e., they are equivalent
to a partition of the parameter space Θ into two disjoint sets:

Θ0 , {Σ1 = · · · = ΣM ,

(Σ1, . . .ΣM ) ∈ H++
N × · · · ×H++

N } ; (2)

Θ1 , { ∃ (Σm,Σn) : Σm 6= Σn,

(Σ1, . . .ΣM ) ∈ H++
N × · · · ×H++

N } ; (3)

where the notation for Θ1 means that at least one population
violates the covariance equality constraint. The hypothesis
testing problem can be also restated in terms of the difference
matrices ∆i , (Σi −Σ1) ∈ HN , i = 2, . . .M , as follows:{
H0 : Σ1, (∆2, . . . ,∆M ) = (0N×N , . . .0N×N )

H1 : Σ1, (∆2, . . . ,∆M ) 6= (0N×N , . . .0N×N )
. (4)

The employed formulation allows to separate naturally the
relevant signal parameters (viz. ∆i, i = 2, . . .M ) from the
nuisance one (viz. Σ1) and will be frequently exploited in
what follows. The probability density function (pdf) of the
data, when H1 is in force, is denoted by f1(· ; ·) and equal to:

f1(R ; Σ1 . . .ΣM ) (5)

= π−NK
M∏
m=1

det(Σm)−Km exp(−
M∑
m=1

Tr
[
Σ−1
m Sm

]
) ,

where Sm , RmR
†
m (also admitting the more intuitive

expression Sm =
∑Km

j=1 rm,jr
†
m,j) denotes the unscaled

sample-covariance, whereas the corresponding pdf under H0,
denoted in the following with f0(· ; ·), is given by:

f0(R ; Σ1) = π−NK det(Σ1)−K exp
(
−Tr

[
Σ−1

1 S
])
, (6)

where we have defined S , RR† =
∑M
m=1 Sm.

3We underline that the results presented in the manuscript can be also
generalized to the case of unknown means for the M populations modeled
as (additional) nuisance parameters.

Exploiting the pdfs in Eqs. (5) and (6), respectively, after
standard algebra and using statistical equivalences (also ab-
sorbing irrelevant data-independent terms in the threshold η),
the clairvoyant Likelihood Ratio (LR) can be recast as [33]:

tlr ,
f1(R ; Σt,1 . . .Σt,M )

f0(R ; Σt,1)
∝ Tr[

M∑
i=2

(Σ−1
t,1 −Σ−1

t,i )Si], (7)

where Σt,m denotes the true value of m-th covariance. Evi-
dently, the Uniformly Most Powerful (UMP) test [25] does not
exist for the problem in (4), which tests a two-sided alternative
with nuisance parameters. For this reason, the LR Test (LRT)
is MP when testing between two point hypotheses specified by
the true values Σt,ms (which are assumed known, otherwise
stated the detector is clairvoyant).

Before proceeding further we underline that, without loss
of generality, the following discussion will concentrate on
the (minimal) sufficient statistic (S1, . . .SM ). Indeed Fisher-
Neyman factorization theorem ensures that optimal deci-
sion after reduction by sufficiency is tantamount to deciding
from raw data matrix R [33]. Hence, in this paper we
will consider decision rules which declare H1 (resp. H0)
if Φ (S1, . . .SM ) ≥ η (resp. Φ (S1, . . . ,SM ) < η), where
Φ(·) : H++

N ×· · ·×H++
N → R indicates the generic form of a

decision statistic based on (S1, . . .SM ) and η is the threshold
set to guarantee a desired false-alarm probability (Pfa).

III. INVARIANCES

In what follows, we will search for functions of data sharing
invariance w.r.t. those parameters (namely, the independent
elements of matrix Σ1) which are irrelevant for the specific
decision problem. To this end, we resort to the Principle of
Invariance [25], whose main idea consists in finding a class of
transformations that properly clusters data without altering: (i)
the distribution of the received data, that is, the Wishart family
for the matrices (S1, . . .SM ) under both hypotheses (cf. Eq.
(1)); (ii) the formal structure of the hypothesis testing problem,
represented by the disjoint partitions Θ0 and Θ1 (Eqs. (2) and
(3), respectively). Hence Sec. III-A is devoted to the definition
of a suitable group which fulfills the above requirements.

A. Choice of the Group of Transformations

It is not difficult to prove that our testing problem is
invariant under the group4 of transformations G acting on the
sufficient statistic as:

G ,
{
g : Sm → LSmL

† m = 1, . . .M,L ∈ GT +(N)
}
,

(8)

where GT +(N) denotes the group of N ×N lower triangular
matrices whose diagonal elements are positive. As remarked
before, the group defined in (8) satisfies all the requirements
prescribed earlier. In fact, the family of distributions is pre-
served because if Sm is Wishart distributed, then LSmL†

4Indeed G satisfies the following basic axioms: (i) it is closed w.r.t. the
composition operator “◦”, defined as La ◦ Lb = (LaLb), (ii) it satisfies
the associative property and (iii) there exist both the identity and the inverse
elements.
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is also Wishart with the same scalar parameters and matrix
parameter LΣmL

†. Moreover, the original partition of the
parameter space is left unaltered since if there exists a pair
(Σm,Σn) : Σm 6= Σn, this implies LΣmL

† 6= LΣnL
†.

Similarly, if Σ1 = · · · = ΣM , then LΣ1L
† = · · · = LΣML

†.
Remark: We underline that another group of transformations

which leaves the considered hypothesis testing invariant is
represented by [10], [40]:

Ḡ ,
{
ḡ : Sm → GSmG

† m = 1, . . .M,G ∈ GL(N)
}
,
(9)

where GL(N) denotes the linear group of N × N invertible
matrices. Such group has been usually employed in the case of
two populations (M = 2), see e.g., [10], [40], and it is “larger”
than G (since GT +(N) ⊂ GL(N)). However, as will be
shown hereinafter, such “additional” invariance is not needed
for obtaining a simple null hypothesis (and thus CFARness)
after reduction by invariance. Indeed, just the adoption of the
simpler triangular group allows to reduce the hypothesis H0

to a simple one. Secondly, the choice Ḡ seems to complicate
the search for an explicit form of the MIS when M > 2.

B. Maximal Invariant Statistic

The invariance property induces a partition of the data
space into orbits (or equivalence classes) where all the points
belonging to a certain orbit are related through a transfor-
mation that is member of the group G. Any statistic that
identifies different orbits in a one-to-one way significantly
reduces the total amount of data necessary for solving the
hypothesis testing problem and constitutes the compressed
data set to be used in the design of every invariant detector.
This kind of statistic is called a maximal invariant, since
it is constant over each orbit (invariance) while assuming
different values on different orbits (maximality) [25]. Then, the
parameter space is compressed after reduction by invariance
and the dependence on the original set of parameters is mapped
into a maximal invariant in the parameter space (the induced
maximal invariant) [25].

Formally, a statistic T (S1, . . . ,SM ) is said to be a maximal
invariant w.r.t. the group of transformations G iff

T (S1, . . . ,SM ) = T (S̄1, . . . , S̄M )

⇔ ∃ g such that (S̄1, . . . , S̄M ) = g(S1, . . . ,SM ) . (10)

where the above condition, when read from left to right
(resp. from right to left) implies maximality (resp. invariance).
Notice that two MISs are related by an invertible parameter-
independent transformation. Moreover, all invariant decision
statistics can be written in terms of the MIS [10], which, for
the problem of interest, is provided by the next proposition.

Proposition 1. A MIS for the problem (1) w.r.t. the group of
transformations G in (8) is given by the (M − 1) Hermitian
matrices

Ti , L
−1
1 Si(L

†
1)−1, i = 2, . . .M, (11)

where L1 denotes the (unique) lower-triangular matrix (with
positive diagonal elements) obtained from the Cholesky de-
composition of S1, that is, L1 , Chol(S1).

Proof: The proof is given in Appendix A.
Interestingly, the principle of invariance in this case provides

the following data reduction: the MIS is a collection of (M−1)
Hermitian matrices of size N × N (i.e., (M − 1)N2 inde-
pendent real-valued elements), whereas the original sufficient
statistic is composed by M Hermitian matrices (S1, . . .SM )
of size N ×N (i.e., MN2 independent real-valued elements).
For instance, with reference to M = 3 populations and 2-D
samples (N = 2), the sufficient statistic is composed by 12
(real) elements, whereas the MIS consists of 8 (real) elements.

We then proceed our discussion with a mention on the
induced maximal invariant [25], which, for the case at hand,
is given by the matrices:

χi , L
−1
Σ1

Σi (L†Σ1
)−1, i = 2, . . .M ; (12)

where LΣ1 , Chol(Σ1). Clearly, when H0 holds Σi = Σ1,
for i = 2, . . . ,M , and thus the induced maximal invariant
reduces to

χi = L−1
Σ1

Σ1 (L†Σ1
)−1 = IN i = 2, . . .M ; (13)

which proves that H0, after reduction by invariance, is simple;
therefore every test based on a statistic which is solely function
of the MIS in (11) will be CFAR.

Finally, since every one-to-one transformation of the MIS
is a MIS itself, the statistic

Ti,A , L−1
1 Li, i = 2, . . .M ; (14)

where Li , Chol(Si), is also maximally invariant and will
be exploited in the assessment of the CFAR detectors derived
in Sec. IV.

Remark: We recall that for the case M = 2, an explicit MIS
has been derived (see [10] and [40] for the real- and complex-
valued cases, respectively) for the group Ḡ defined in (9), and
has been shown to be equal to the positive eigenvalues of the
coherence matrix

T̄ , S−1
1 S2 , (15)

denoted with (λ1, . . . λN ), with corresponding induced maxi-
mal invariant given by the eigenvalues of (Σ−1

1 Σ2), denoted
with (δ1, . . . δN ). Differently, the maximal invariant for the
group G in the case M = 2 is deduced from Eq. (11) and
equals

T2 , L−1
1 S2(L†1)−1 , (16)

with induced maximal invariant χ2 , L−1
Σ1

Σ2 (L†Σ1
)−1. Such

matrix can be also expressed in terms of its eigenvalue
decomposition as:

T2 = U2 Λ2U
†
2 . (17)

Here Λ2 collects the eigenvalues of T2, which are the same as
those of T̄ (corresponding to the MIS w.r.t. Ḡ); therefore the
two MISs differ only in the presence of matrix U2. Then, from
direct comparison of Eqs. (15) and (16), respectively, it can be
reasonably concluded that the smaller group of invariance G
leads to lower data compression. On the other hand, in order
to ensure a more restrictive invariance w.r.t. the group Ḡ (recall
that such group is larger than G and includes it, see (8) and
(9)), the eigenvectors of T2 = L−1

1 S2(L†1)−1 (i.e. matrix U2)
should be discarded from T2 to ensure invariance (cf. Eq. (17))
and lead to the result in (15).
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IV. THEORETICALLY-FOUNDED DETECTORS DESIGN

In this section we will consider several decision statistics
designed according to well-founded design criteria. Initially,
we will concentrate on the derivation of the well-known GLRT,
Rao and Wald tests [33]. Then, we will devise the explicit
form of recently used detection statistics, such as the Gradient
(Terrell) test [34], the Durbin (naive) test [35], which have
been shown to be asymptotically distributed as the three
aforementioned detectors (under very mild conditions). Once
derived, a direct comparison in order to establish possible
statistical equivalences will be provided.

A. Preliminary definitions

As a preliminary step towards the derivation of suitable
detectors for the problem at hand, we first define Ξ(·) as
the real-valued column vector mapping any P ∈ HN to its
(equivalent) minimal description in terms of N2 independent
variables. Then, we give the following auxiliary definitions:

• θr ,
[
θT∆,2 · · · θT∆,M

]T ∈ R(M−1)N2×1 is the vector
collecting the parameters of interest, where we have
defined θ∆,i , Ξ(∆i) ∈ RN2×1, i = 2, . . .M ;

• θs , Ξ(Σ1) ∈ RN2×1 is the vector of nuisance
parameters;

• θ ,
[
θTr θTs

]T ∈ RMN2×1 is the overall unknown
parameter vector;

• θ̂0 ,
[
θTr,0 θ̂Ts,0

]T
, with θr,0 = 0(M−1)N2 (that is,

the true value of θr under H0) and θ̂s,0 denoting the
Maximum Likelihood (ML) estimate of θs under H0;

• θ̂1 ,
[
θ̂Tr,1 θ̂Ts,1

]T
, with θ̂r,1 and θ̂s,1 denoting the

ML estimates of θr and θs under H1, respectively.

B. GLR

The GLR is the widespread approach to devise a decision
statistic for composite hypothesis testing problems, since it
represents the most natural generalization of the usual likeli-
hood ratio [25], [33]. For the problem under investigation, the
implicit form of the GLR is given by [33]:

max {Σ1,...,ΣM} f1(R ; Σ1, . . . ,ΣM )

max {Σ1} f0(R ; Σ1)
. (18)

A detailed derivation is here skipped as it can be easily
obtained by generalizing [32] to the case of complex-valued
normal distributions, see for example [3], [36], [38]. We only
recall that the ML estimates of Σms under H1 are equal to
Σ̂m,1 = (1/Km)Sm, while the ML estimate of Σ1 under
H0 is given by Σ̂1,0 , (1/K)S. Of course, given the afore-
mentioned estimates, the relationship Σ̂1,0 =

∑M
m=1 ρm Σ̂m,1

holds, where we have defined ρm , (Km/K) (clearly∑M
m=1 ρm = 1). Analogously, we underline that the ML

estimates of difference matrices ∆i (i = 2, . . .M ) under
H1 are easily obtained as ∆̂i ,

(
Σ̂i,1 − Σ̂1,1

)
. Finally,

substitution of the corresponding ML estimates at both the

numerator and the denominator provides the explicit form (as
the K-th root of Eq. (18)) of the GLR decision statistic:

tglr , det(Σ̂1,0) /

M∏
m=1

det(Σ̂m,1)ρm . (19)

CFARness of GLRT: Using the expression in Eq. (19), we
here verify that tglr can be expressed in terms of the MIS (cf.
Eq. (14)). First, we rewrite Eq. (19) as:

tglr =

M∏
m=1

ρNρmm

[
det(SS−1

m )
]ρm

. (20)

Then, we observe that each det(·) in the product of (20) can
be recast as

det (IN +

M∑
i=1,i6=m

SiS
−1
m ) (21)

= det (IN +

M∑
i=1,i6=m

L−1
m Si(L

†
m)−1) , (22)

where we have exploited Sm = LmL
†
m in obtaining the

second line, and further expressed as

det ( IN +

M∑
i=1,i6=m

(T−1
m,ATi,A)(T−1

m,ATi,A)† ) , (23)

where we used L−1
m Li = T−1

m,ATi,A (cf. Eq. (14)). Hence,
using (23) in (20) proves the invariance of the GLR w.r.t. the
nuisance parameters and thus demonstrates CFAR property.

C. Terrell (Gradient) statistic

The Gradient test was proposed by G. Terrell in [34] and
requires the evaluation of the following statistic:

∂ ln f1(R ;θ)

∂θTr

∣∣∣∣
θ=θ̂0

( θ̂r,1 − θr,0) . (24)

The appeal of Eq. (24) arises from the fact that it does not
require neither to invert the Fisher Information Matrix (FIM)
(as opposed to Wald and Rao statistics). Consequently, this
structural simplicity can make the Gradient statistic computa-
tion easier w.r.t. other score-based statistics. Moreover, under
some mild conditions, such test is asymptotically equivalent
to the GLRT, Rao and Wald tests [34], [45].

In order to obtain the explicit form of (24) for our hypothesis
testing problem, we first observe that (the following equality
is proved in Appendix B) that transpose of gradient (w.r.t. θr)
of ln f1(R ;θ) equals:

∂ ln f1(R;θ)

∂θTr
=
[
vec(Υ2)† · · · vec(ΥM )†

]
CM,e , (25)

where we have denoted

Υi , Ki (Σ1 + ∆i)
−1

[Σ̂i,1 (Σ1 + ∆i)
−1 − IN ], (26)

for i = 2, . . . ,M , and CM,e ∈ C(M−1)N2×(M−1)N2

, defined
as

CM,e , blkdiag(CM , . . .CM ), (27)
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with CM ∈ CN2×N2

being a suitable matrix defined in
Appendix B. The latter matrix allows to provide the closed
form of the mapping Ξ(·) defined in Sec. IV-A, given by
Ξ(·) = C−1

M vec(·). Consequently, substitution θ → θ̂0 in
Eq. (25) provides:

∂ ln f1(R;θ)

∂θTr

∣∣∣∣
θ=θ̂0

=
[
vec(Υ̂2,0)† · · · vec(Υ̂M,0)†

]
CM,e , (28)

where we have defined

Υ̂i,0 , Ki (Σ̂−1
1,0 Σ̂i,1 Σ̂−1

1,0 − Σ̂−1
1,0) , (29)

for i = 2, . . .M . Similarly, we can show that (the proof is
provided as supplemental material)

θr = C−1
M,e

[
vec(∆2)T · · · vec(∆M )T

]T
. (30)

Therefore, the above equality implies:

(θ̂r,1 − θr,0) = C−1
M,e

×
[
vec(Σ̂2,1 − Σ̂1,1)T · · · vec(Σ̂M,1 − Σ̂1,1)T

]T
, (31)

since θr,0 = 0(M−1)N2 . Then collecting the results in
Eqs. (28) and (31), respectively, provides the explicit form:

tgrad ,
M∑
i=2

vec(Υ̂i,0)†vec(Σ̂i,1 − Σ̂1,1) (32)

=

M∑
i=2

Ki Tr
[
(Σ̂−1

1,0 Σ̂i,1 Σ̂−1
1,0 − Σ̂−1

1,0)
(
Σ̂i,1 − Σ̂1,1

)]
,

where in the last line we have exploited the well-known
equality vec(A)†vec(B) = Tr[A†B]. The aforementioned
statistic can be rewritten in the following compact form (the
proof is provided as supplementary material):

tgrad = K

{
M∑
m=1

ρm Tr

[(
Σ̂−1

1,0 Σ̂m,1

)2
]
−N

}
, (33)

which is statistically equivalent to5:

t1 ,
M∑
m=1

ρm Tr

[(
Σ̂−1

1,0 Σ̂m,1

)2
]
. (34)

CFARness of Gradient test: Let us first rewrite t1 as:

t1 =

M∑
m=1

(1/ρm) Tr
[(
S S−1

m

)−2
]
. (35)

Then each trace in the sum of (35) can be expressed as:

Tr
[(
S S−1

m

)−2
]

= Tr
[(
L−1
m S (L†m)−1

)−2
]

(36)

= Tr


IN +

M∑
i=1,i6=m

(T−1
m,ATi,A)(T−1

m,ATi,A)†

−2
 (37)

5We observe that statistic t1 can be also rewritten in
terms of a sum of squared Frobenius norms, that is, t1 =∑M
m=1 ρm

∥∥∥Σ̂−1/2
1,0 Σ̂m,1Σ̂

−1/2
1,0

∥∥∥2
F

.

where the second equivalence arises from Tr[(AB)−2] =
Tr[(BA)−2] and in the last line we have exploited L−1

m Li =
T−1
m,ATi,A (cf. Eq. (14)). Therefore, t1 can be expressed in

terms of the provided MIS. This proves the invariance of
the statistic w.r.t. the nuisance parameters and thus the CFAR
property for the corresponding test.

D. Rao statistic
The generic form for the Rao statistic is given by [33]:

∂ ln f1(R;θ)

∂θTr

∣∣∣∣
θ=θ̂0

[I−1(θ̂0)]θr,θr
∂ ln f1(R;θ)

∂θr

∣∣∣∣
θ=θ̂0

(38)

where

I(θ) , E
{
∂ ln f1(R;θ)

∂θ

∂ ln f1(R;θ)

∂θT

}
, (39)

denotes the FIM and [I−1(θ)]θr,θr indicates the sub-matrix
obtained by selecting from the FIM inverse only the elements
corresponding to the vector of signal parameters θr.

Since the derivation of the explicit form of the FIM is rather
involved, we only state the final result and provide the proof
in Appendix B. Indeed, the FIM I(θ) can be obtained based
on the following component blocks:

[I(θ)]θr,θr = C†M,e blkdiag (F2, . . .FM ) CM,e , (40)

[I(θ)]θs,θs = C†M

(
M∑
m=1

Fm

)
CM , (41)

[I(θ)]θr,θs = C†M,e

[
F2 · · · FM

]†
CM , (42)

where we have defined

Fm , Km

[
(Σ1 + ∆m)−T ⊗ (Σ1 + ∆m)−1

]
, (43)

for m = 1, . . . ,M , (note that, aiming at a unified notation,
we have employed the dummy variable ∆1 = 0N×N in (43)
when m = 1). Recall that, since the FIM is a symmetric
matrix, [I(θ)]θs,θr = [I(θ)]

T
θr,θs

holds. Based on Eqs. (40-
42) the desired term [I−1(θ)]θr,θr is obtained as:

[I−1(θ)]θr,θr = C−1
M,e {blkdiag (F2, . . .FM ) (44)

−
[
F †2 · · · F †M

]†
(

M∑
m=1

Fm)−1
[
F2 · · · FM

]}−1

(C−1
M,e)†.

Then, we observe that substitution θ → θ̂0 in Eq. (44) implies
Fm → KmF0 (m = 1, . . .M ), where F0 ,

(
Σ̂−T1,0 ⊗ Σ̂−1

1,0

)
.

Therefore, [I−1(θ̂0)]θr,θr assumes the explicit expression:

[I−1(θ̂0)]θr,θr = C−1
M,e {blkdiag (K2F0, . . . ,KMF0) (45)

−K
[
ρ2IN2 · · · ρMIN2

]T
F0

×
[
ρ2IN2 · · · ρMIN2

]}−1
(C−1

M,e)†.

Exploiting Woodbury identity [46], the above matrix can be
rewritten in the more convenient form:

C−1
M,e

{
blkdiag

(
(1/K2)F−1

0 , . . . , (1/KM )F−1
0

)
+(1/K1)

F
−1
0 · · · F−1

0
...

. . .
...

F−1
0 · · · F−1

0


 (C−1

M,e)† . (46)
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Gathering the results in Eqs. (28) and (46), respectively, we
obtain the closed form expression of the Rao statistic:

trao =

M∑
i=2

(1/Ki) vec(Υ̂i,0)†F−1
0 vec(Υ̂i,0)

+ (1/K1)

M∑
i=2

M∑
`=2

vec(Υ̂i,0)†F−1
0 vec(Υ̂`,0) . (47)

Exploiting the properties (a) CT ⊗A vec(B) = vec(ABC)
and (b) vec(A)†vec(B) = Tr[A†B], along with the definition
of Υ̂i,0 provided in (29), the preceding expression can be put
in the following explicit form:

trao =

M∑
i=2

Ki Tr
[(

Σ̂−1
1,0 Σ̂i,1 Σ̂−1

1,0 − Σ̂−1
1,0

)(
Σ̂i,1 − Σ̂1,0

)]
+

M∑
i=2

M∑
`=2

KiK`

K1
Tr
[(

Σ̂−1
1,0 Σ̂i,1 Σ̂−1

1,0 − Σ̂−1
1,0

)(
Σ̂`,1 − Σ̂1,0

)]
(48)

Though seemingly different from statistic t1 in (34), Rao
statistic can be expressed in the alternative form6:

trao = K (t1 −N) . (49)

The obtained expression thus demonstrates the exact coin-
cidence of trao with Gradient statistic (cf. Eq. (33)), the
statistical equivalence to t1 and, as an immediate consequence,
the CFARness of the corresponding test.

E. Wald statistic

The generic form for the Wald statistic is given by [33]:

(θ̂r,1 − θr,0)T {[I−1(θ̂1)]θr,θr}−1 (θ̂r,1 − θr,0) . (50)

In order to obtain the explicit expression of (50) for the con-
sidered problem, we first notice that the term (θ̂r,1−θr,0) has
been obtained already for the Gradient statistic in Sec. IV-C,
and it is provided in Eq. (31). Secondly, we observe that
[I−1(θ)]θr,θr has been already obtained in Eq. (44). There-
fore, taking the inverse leads to:{

[I−1(θ)]θr,θr
}−1

= C†M,e {blkdiag (F2, . . . ,FM )

−
[
F †2 · · · F †M

]†
(

M∑
m=1

Fm )−1
[
F2 · · · FM

]}
CM,e .

(51)

Substitution θ → θ̂1 in (51) gives:{
[I−1(θ̂1)]θr,θr

}−1

= C†M,e

{
blkdiag

(
F̂2, . . . , F̂M

)
−
[
F̂ †2 · · · F̂ †M

]†
(

M∑
m=1

F̂m)−1
[
F̂2 · · · F̂M

]}
CM,e ,

(52)

6The proof is provided as supplemental material for this manuscript.

where F̂m , Km (Σ̂−Tm,1 ⊗ Σ̂−1
m,1), m = 1, . . .M . Combining

Eqs. (31) and (52), we obtain the explicit expression:

twald =

M∑
i=2

vec
(
Σ̂i,1 − Σ̂1,1

)†
F̂i vec

(
Σ̂i,1 − Σ̂1,1

)

−

[
M∑
i=2

vec
(
Σ̂i,1 − Σ̂1,1

)†
F̂i

](
M∑
m=1

F̂m

)−1

×

[
M∑
`=2

F̂` vec
(
Σ̂`,1 − Σ̂1,1

)]
. (53)

The explicit form of twald can be further rewritten as:

twald =

M∑
i=2

KiTr

[(
IN − Σ̂1,1Σ̂

−1
i,1

)2
]

−vec

(
M∑
i=2

Ki

(
Σ̂−1
i,1 − Σ̂−1

i,1 Σ̂1,1Σ̂
−1
i,1

))†

×

(
M∑
m=1

Km Σ̂−Tm,1 ⊗ Σ̂−1
m,1

)−1

×vec

(
M∑
`=2

K`

(
Σ̂−1
`,1 − Σ̂−1

`,1Σ̂1,1Σ̂
−1
`,1

))
(54)

where we have exploited the definition of F̂m and the
common properties CT ⊗ A vec(B) = vec(ABC) and
vec(A)†vec(B) = Tr[A†B].

CFARness of Wald test: we now show that the test based on
twald is CFAR, since it can be expressed in terms of the MIS.
With this intent, we first rewrite the first term in (54) as:

M∑
i=2

KiTr

[(
IN − Σ̂1,1Σ̂

−1
i,1

)2
]

=

M∑
i=2

KiTr
[(
IN − (Ki/K1)(LiL

−1
1 ) (L−1

i L1)†
)2]

(55)

=

M∑
i=2

KiTr

[(
IN − (Ki/K1)T−1

i,A (T−1
i,A)†

)2
]
, (56)

where we have exploited the definition of Σ̂m,1, m =
1, . . . ,M , and their corresponding Cholesky factorization,
along with the straightforward property Tr[(AB)2] =
Tr[(BA)2]. Differently, lengthy manipulations prove that the
second term in (54) can be expressed equivalently as:

M∑
i=2

M∑
`=2

K2
i K

2
` vec

(
IN − (Ki/K1)T−1

i,A(T−1
i,A)†

)†
×

(
M∑
m=1

K3
m

[(
T−1
m,AT`,A

)T (
T−1
m,ATi,A

)∗]
⊗
[(
T−1
m,AT`,A

)† (
T−1
m,ATi,A

)])−1

×vec
(
IN − (K`/K1)T−1

`,A(T−1
`,A)†

)
, (57)

which thus shows that Wald test is CFAR.
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F. Durbin (naive) statistic

The Durbin test (also referred to as “naive test”) consists in
the evaluation of the following decision statistic [35]:

(θ̂r,01 − θr,0)T
{[
I
(
θ̂0

)]
θr,θr

[
I−1

(
θ̂0

)]
θr,θr

×
[
I
(
θ̂0

)]
θr,θr

}
(θ̂r,01 − θr,0) , (58)

where the “hybrid” estimate θ̂r,01 is defined as:

θ̂r,01 , arg max
θr

f1(R;θr, θ̂s,0) . (59)

In general, the Durbin statistic is asymptotically equivalent to
GLR, Rao, and Wald statistics, as shown in [35]. However,
for the considered problem, a stronger result holds, as stated
by the following theorem.

Proposition 2. The Durbin statistic for the hypothesis testing
model considered in Eq. (1) is coincident with the Rao and
Gradient (Terrell) statistics.

Proof: The coincidence proof between Rao and Durbin
statistics is given as supplementary material. Then, the com-
plete statement readily follows from previously obtained co-
incidence between Rao and Gradient statistics.

V. KNOWN ALTERNATIVE TESTS

In this section, we recall some known tests proposed
in the open literature for covariance equality testing. More
specifically, we focus on the decision statistics proposed by
Nagao [17], Schott [21], Hallin and Paindaveine in [22]. Then,
we investigate possible coincidence/statistical equivalences of
these tests with those obtained in Sec. IV.

A. Nagao Test

An alternative to the GLRT for covariance equality testing
is the classic test proposed by Nagao in [17], based on:

tnag ,
M∑
m=1

Km Tr

[(
Σ̂m,1 Σ̂−1

1,0 − IN
)2
]
. (60)

We show hereinafter that tnag is statistically equivalent to t1.
In fact, Eq. (60) can be expanded as:

tnag =

M∑
m=1

Km Tr

[(
Σ̂m,1 Σ̂−1

1,0

)2

+ IN − 2 Σ̂m,1 Σ̂−1
1,0

]
.

(61)

Then, exploiting the linearity of Tr[·] and the relationship∑M
m=1Km Tr

[
2 Σ̂m,1 Σ̂−1

1,0

]
= 2K Tr [IN ], it follows that

tnag = K (t1 −N) , (62)

that is, Nagao test is statistically equivalent to t1. We notice
that coincidence between Rao and Nagao’s tests was observed
in [47], not however providing a demonstration based on
constructive procedure of both tests.

B. Schott Test

In [21] a an asymptotically Wald-type test was developed
based on the following statistic:

tschott ,
K

2

{
M∑
m=1

ρm Tr

[(
Σ̂m,1 Σ̂−1

1,0

)2
]

(63)

−
M∑
m=1

M∑
n=1

ρmρn Tr
[
Σ̂m,1 Σ̂−1

1,0 Σ̂n,1 Σ̂−1
1,0

]}
,

It can be easily shown that the aforementioned statistic can be
rewritten in the familiar form:

tschott = (K/2) (t1 −N) , (64)

since Σ̂1,0 =
∑M
m=1 ρmΣ̂m,1 can be exploited in the second

term of Eq. (63) and Tr[IN ] = N . Hence, Eq. (64) proves the
statistical equivalence of Schott test to that based on t1 (and
thus to Gradient, Rao and Durbin tests, respectively).

C. Hallin-Paindaveine Test

A more recent alternative for covariance equality testing has
been proposed by Hallin and Paindaveine in [22], that is:

thp ,
∑
m<n

M∑
n=1

KmKn

2K
Tr

[(
Σ̂−1

1,0

(
Σ̂m,1 − Σ̂n,1

))2
]

(65)

The statistic thp can be rewritten as7:

thp = (K/2) (t1 −N) , (66)

and thus it is statistically equivalent to t1. Hence t1 also
inherits local asymptotic optimality (viz. stringency) [22].

D. Summary of Considered Detectors

Since the aforementioned tests have been shown to be all
statistically equivalent to t1, in Tab. I we report, for readers’
convenience, the explicit form of the three tests obtained in
Sec. IV. These tests will be compared in next section.

VI. PERFORMANCE ANALYSIS

The present section contains a numerical analysis to assess
performance of the detectors summarized in Tab. I. It is
organized in two parts. The former compares the considered
detectors via simulated data, while the latter tests them on a
real dataset with reference to the problem of CCD via polari-
metric SAR. For simplicity we will employ an equal number
of samples for all the populations (K1 = . . . = KM = K̄).

A. Simulated Data

Pd vs. the Induced Maximal Invariant: First, we focus
on a scenario with M = 2 populations and 2-D complex-
valued samples (N = 2) to underline the dependence of
the performance trend with the induced maximal invariant,
ruling the performance of any invariant detector [25]. First
we underline that, in the case M = 2, it can be shown that
the detectors under investigation are not only invariant to the

7The proof is provided as supplemental material for this manuscript.
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Statistic Explicit Expression

GLR det(Σ̂1,0) /
∏M
m=1 det(Σ̂m,1)ρm

t1
∑M
m=1 ρm Tr

[(
Σ̂−1

1,0 Σ̂m,1

)2]
Wald

∑M
i=2KiTr

[(
IN − Σ̂1,1Σ̂−1

i,1

)2]
− vec

(∑M
i=2Ωi

)† (∑M
m=1Km Σ̂−Tm,1 ⊗ Σ̂−1

m,1

)−1
vec
(∑M

i=2Ωi

)
(?)

Table I: Comparison of decision statistics; (?) Ωi , Ki

(
Σ̂−1
i,1 − Σ̂−1

i,1 Σ̂1,1Σ̂
−1
i,1

)
.

considered group G in (8), but also to the more “strict” group
Ḡ reported in (9). Therefore, their performance will solely
depend on the induced maximal invariant in (15), which, for
this specific case, is represented by the two (since N = 2)
eigenvalues of the coherence matrix Σ−1

1 Σ2, denoted with
(δ1, δ2). Consequently, the contour plots of Pd vs. (δ1, δ2)
(for a given Pfa) completely characterize the detection per-
formance of the devised receivers. We observe that GLR, t1
and Wald statistics for M = 2 simplify to:

tglr ∝
N∏
n=1

(1 + λn)2

λn
, t1 ∝

N∑
n=1

(
1− λn
1 + λn

)2

, (67)

twald ∝
N∑
n=1

(1− λn)2

1 + λ2
n

, (68)

where λns are the eigenvalues of S−1
1 S2 (i.e., the MIS w.r.t.

Ḡ, cf. Eq. (15)). The following analysis is conducted by setting
the false-alarm rate to Pfa = 10−4 and relying on Monte Carlo
simulations. Specifically, we employ 100/Pfa independent
runs to obtain the threshold η, while 5 · 103 independent trials
are used to estimate Pd. Fig. 1 shows the contours in log-scale
(i.e., vs. (log δ1, log δ2)) for the cases of a common number
of samples K̄ = 9 (subFigs. 1a, 1b and 1c for GLR, t1 and
Wald, respectively) and K̄ = 25 (subFigs. 1d, 1e and 1f, for
GLR, t1 and Wald, respectively).

The isocurves can be interpreted as follows: the closer they
are to the point

[
δ1 δ2

]T
= 02 (representing the hypothesis

H0 after reduction by invariance), the better the test capability
to detect (viz. higher detection values are achieved for) even
slight deviations from the covariance equality constraint. It
is apparent that for K̄ = 9 the contour plots of tests based
on GLR, t1 and Wald differ significantly, while in the case
K̄ = 25 they are very similar. This can be explained since
the case K̄ = 9 does not contain enough samples to obtain
extremely accurate covariance estimates and therefore each
test will exhibit its peculiar performance. On the other hand,
for K̄ = 25, the three tests have almost approached their
asymptotic forms and, consequently, their equivalence [33].
Furthermore, it is apparent that these tests, being designed
for two-sided testing, show a symmetry in detecting changes.
Indeed, a permutation of the two populations does not alter
the performance of the considered tests.

Receiver Operating Characteristic (ROC) Analysis: Fig. 2
shows the ROCs corresponding to GLRT, t1 and Wald tests for
a problem with M = 3 and N = 3, obtained via Monte Carlo
simulations. Specifically, we employ 100/Pfa independent
runs to set the threshold η, while 105 independent trials are

used to estimate the corresponding Pd. The true covariances
used to draw the ROCs for this example are:

Σt,1 =

 1 0 0.5
0 0.2 0

0.5 0 0.1

 , Σt,2 =
1

2
Σt,1, Σt,3 = 2Σt,1,

(69)
when H1 holds, while Σt,1 = Σt,2 = Σt,3 for H0. Similarly
to the previous setup, the two cases K̄ ∈ {9, 25} (dashed and
solid lines, respectively) have been considered. Also, in order
to assess the loss produced by the lack of knowledge about
the (true) Σis, the present tests are also compared with the
benchmark performance represented by the LRT (cf. Eq. (7))
which, based on a clairvoyant assumption, instead supposes
that the Σis are all perfectly known.

First of all, the Pd of all the detectors improves with K̄,
for a given Pfa. Secondly, the performance of the proposed
tests are far from those of the (clairvoyant) LRT, in both
the cases K̄ = 9 and K̄ = 25. Differently, referring to
their relative performance, in the considered scenario the test
based on t1 outperforms the GLRT for K̄ = 9, while an
opposite trend can be observed in the case K̄ = 25. Indeed t1,
being statistically equivalent to the Rao test, relies on the ML
estimates under H0 (cf. Eq. (38)). Hence, when the considered
scenario lacks a satisfactory number of samples needed for
covariance estimation, the ML estimate under H0 (relying on
the samples from all the populations, being 27) is deemed
more accurate than ML estimates under H1 (each based on
9 samples). Finally, it is observed that Wald test achieves the
worst performance for both the scenarios considered.

B. Real Data: CCD via Polarimetric SAR

Hereinafter we test the proposed detectors against real data
for the problem of multi-pass CCD via a polarimetric SAR
[3]. Specifically, a multi-polarization SAR sensor measures
complex-valued returns for each pixel of the image under test,
collected from different polarimetric channels (e.g., HH and
VV for N = 2; HH, VV, and HV in the case N = 3). The N
returns from the same pixel are stacked into the vector xs,t,
where s = 1, . . . S and t = 1, . . . T (S and T represent the
vertical and horizontal size of the image, respectively). There-
fore, the sensor provides a 3-D data structure X (datacube)
of size N ×S×T . In SAR multi-pass CCD we suppose that
M datacubes Xm, corresponding to different time instants of
the same geographic area, are available, i.e., collected from M
different passes and accurately pixel aligned (co-registered).

We focus on the problem of detecting the presence of
possible changes in a rectangular neighborhood A of size
Km = W1 × W2 ≥ N (W1 ≤ S, W2 ≤ T ), of a given
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(a) GLR test, K̄ = 9.

0.1

0.1

0.1

0.
1

0.10.
1

0.1

0.9

0.
9

0.9

0.
9

0.9

0.9

log δ
1

lo
g 

δ 2

−1.5 −1 −0.5 0 0.5 1 1.5
−1.5

−1

−0.5

0

0.5

1

1.5

(b) t1 test, K̄ = 9.
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(c) Wald test, K̄ = 9.
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(d) GLR test, K̄ = 25.

0.1

0.
1

0.1

0.9

0.9

0.
9

0.9

0.
9

log δ
1

lo
g 

δ 2

−1.5 −1 −0.5 0 0.5 1 1.5
−1.5

−1

−0.5

0

0.5

1

1.5

(e) t1 test, K̄ = 25.
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(f) Wald test, K̄ = 25.

Figure 1: Contour plots (Pd vs. induced maximal invariant (δ1, δ2)) of the proposed tests; Pfa = 10−4. Simulated setup: two
populations (M = 2) and 2-D samples (N = 2). Top figures refer to K̄ = 9, while bottom figures to K̄ = 25.

pixel. Therefore the columns of the matrix Rm correspond to
those columns of Xm which fall in the region A.

The performance is evaluated using real X-band data taken
from the CCD Challenge dataset acquired by the Air Force
Research Laboratory [48]. The data contains passes acquired
from N = 3 polarizations (HH, VV, and HV) . For our
analysis we focus on M = 3 different acquisitions from
the entire dataset, named “FP0120”, “FP0121” and “FP0124”,
respectively. For all the acquisitions the selected area is a sub-
image of 1000×1000 (S×T ) pixels, including several parking
lots which are occupied by numerous parked (viz. stationary)
vehicles. Finally, for simplicity we consider a (sliding) square
inspection window (i.e., W1 = W2 = W , thus K̄ = W 2).

We point out that the ground truth for the considered data is
not available (e.g., the actual changes between three different
passes). The interested reader is referred to earlier work [40]
for a detailed specification of the estimated ground truth
construction; we only underline the main steps hereinafter. By
visual comparison of the three images, a total of 43 changes
among the three passes have been identified. The resulting
ground truth is shown in Fig. 3-(a). Although the acquisitions
were performed during the same day and the images were reg-
istered, the returns from a scatterer can contribute differently to
neighbour pixels, for example a slightly different aspect angle
can produce a different amount of energy spill-over. These
relative differences in the imaged data can lead to false alarms
in the change detection results. For this reason we consider a
guard area around each change. This allows the definition of
an extended ground truth (see Fig. 3-(b), used in the following

to compare the performance of the detectors considered.

In our analysis, the thresholds are set to ensure Pfa = 10−3

in the complement of the extended ground truth area, i.e.
in the region where no changes occur (there are no true
positives). Accordingly, for each detector, after computing
the statistics (for each pixel belonging to the complement
of the extended ground truth), the threshold is selected such
that 10−3 × total number of available trials are greater than
its value. This ensures that all the comparisons refer to the
same Pfa (viz. the same number of threshold crossings in the
complement of the extended ground truth for all the detectors).

Fig. 4 shows the number of correct changes detected vs. the
side-length W for the GLRT, t1 and Wald tests. It is apparent
that different performance trends can be observed for the real
data w.r.t. the previous simulation-based analysis. Indeed, it is
seen that GLRT outperforms t1 for different relevant choices of
the length W , while the Wald test, when W is appropriately
chosen, attains the best performance for the described task.
Finally, we remark that the unimodal behaviour of the curves
vs. W can be explained as the result of two conflicting trends.
Indeed, from one hand increasing W leads to a greater number
of samples available to estimate the covariances (and thus, in
principle, to improved performance). On the other hand, an
excessive value of W implies a performance loss due to the
lack of homogeneity of the data. In other terms, a window
of side-length W large enough to contain both empty spots
and parked cars violates the vector i.i.d. assumption for the
samples rk,m within each population.
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Figure 2: ROC (Pd vs. Pfa) for K̄ = 9 (dashed lines) and
K̄ = 25 (solid lines); M = 3 populations, N = 3.

(a) Ground truth. (b) Ground truth with guard cells.

Figure 3: Ground truth superimposed to “FP0120” image and
ground truth with the addition of guard cells.
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Figure 4: Number of correctly detected changes vs. W for the
considered detectors.

VII. CONCLUSIONS

In this paper we have studied covariance equality testing
among M populations, focusing on CCD via polarimetric SAR
images. First, we have shown that the class of lower triangular
matrices constitutes the basis for obtaining a group of trans-
formations leaving the problem invariant and ensuring that the
null hypothesis H0 is reduced to a simple one. A (closed-
form) MIS w.r.t. the aforementioned group is a collection of
(M − 1) Hermitian matrices (cf. Eq. (11)), as opposed to the
sufficient statistic, given by M Hermitian matrices (i.e., the
sample covariances of the M different populations).

After recalling the GLRT closed form, the MIS obtained
has been exploited to verify that such test satisfies the CFAR
property for the hypothesis testing considered. Secondly, the
closed form of the Rao, the Gradient and the Durbin tests
have been derived and it has been proved that they are all
coincident and also statistically equivalent to t1, defined in
Eq. (34). The latter statistic has been shown to depend from
the data solely through the MIS, thus proving CFARness of the
corresponding test. Remarkably, the test based on t1 has been
also observed to be statistically equivalent to the well-known
Nagao test [17], and the more recent tests by Schott [21] and
Hallin-Paindaveine [22], all developed via different rationales.
Differently, the closed form of the Wald test has lead to a
different decision statistic from the GLR and t1, respectively.
Thus, these results have motivated a systematic comparison of
the three tests through the numerical analysis in Sec. VI.

Simulated results have shown the attractiveness of tests
based GLR and t1 statistics for large and small samples,
respectively. On the other hand, Wald test has outperformed
the other two tests in the experimental setup considered, thus
motivating its attractiveness in terms of a potential robustness
w.r.t. deviations of the data from the Gaussian assumption.
The asymptotic validity of tests obtained under Gaussian
assumption in non-Gaussian context is an open problem and
several modifications have been proposed [22], [23], [49]. This
important issue could be the object of future developments.

APPENDIX A
DERIVATION OF MIS (PROPOSITION 1)

In this section we prove that the statistic Ti, i = 2, . . .M ,
(reported in Eq. (11)) is a MIS for the problem at hand.
To do so, we need to prove that it satisfies (a) invariance
and (b) maximality properties [25]. However, without loss
of generality, we will prove that these properties hold for
the statistic Ti,A (given in Eq. (14)), since the latter is in
one-to-one correspondence with Ti (i = 2, . . .M ). Once we
have proved that Ti,A, i = 2, . . .M , is a MIS, the claim
immediately applies also to Ti, i = 2, . . .M .

First, invariance follows from the fact that since all Sm are
assumed positive definite with probability one, there exists a
unique Cholesky factorization for each of them, which implies
Chol(LSmL

†) = LLm. Therefore, it holds

Chol(LS1L
†)−1 Chol(LSmL

†) = L−1
1 L−1LLm

= L−1
1 Lm , (70)

which thus demonstrates the first property.
Differently, with reference to maximality, we need to prove

that if L̄−1
1 L̄m = L−1

1 Lm, for m = 2, . . .M , there exists a
matrix T ∈ GT +(N) which ensures Sm = T S̄mT

†. First,
the aforementioned equalities imply:

L̄−1
1 L̄m = L−1

1 Lm ⇔ L̄m =
(
L̄1L

−1
1

)
Lm . (71)

We then notice that Eq. (71) also holds trivially for the case
m = 1. As a consequence, we are able to claim the equalities

L̄mL̄
†
m =

(
L̄1L

−1
1

)
Lm

[(
L̄1L

−1
1

)
Lm
]†
, (72)

S̄m =
(
L̄1L

−1
1

)
Sm

(
L̄1L

−1
1

)†
, (73)
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for m = 1, . . .M . Since
(
L̄1L

−1
1

)
∈ GT +(N) (i.e., it

preserves the lower-triangular structure and the positivity of
real-valued diagonal entries), we choose T , L̄1L

−1
1 as the

desired action mapping (S1, . . . ,SM ) to (S̄1, . . . , S̄M ). This
ends maximality proof and proves the claimed proposition.

APPENDIX B
PROOF OF AUXILIARY EXPRESSIONS

A. Closed form of ∂ ln f1(R;θ)
∂θT

r

In order to prove Eq. (25), we first start from the explicit
pdf in Eq. (5) which, taking the logarithm, provides:

ln f1(R;θ) = −K1 Tr[Σ−1
1 Σ̂1,1]−K1 ln det(Σ1)−NK lnπ

−
M∑
i=2

Ki

[
ln det(Σ1 + ∆i) + Tr[(Σ1 + ∆i)

−1Σ̂i,1]
]
. (74)

The gradient transpose w.r.t. the sub-vector θ∆,` (` =
2, . . .M ) can be obtained as:

∂ ln f1(R;θ)

∂θT∆,`
= −K` (75)

× ∂

∂θT∆,`

{
ln det(Σ1 + ∆`) + Tr

[
(Σ1 + ∆`)

−1Σ̂`,1

]}
.

The closed form of r-th element of the above gradient is [50]:

∂ ln f1(R;θ)

∂θ∆,`r
= Tr

[
Υ`

∂∆`

∂θ∆,`r

]
= vec(Υ`)

† ∂ vec(∆`)

∂θ∆,`r
,

(76)

where we have used Eq. (26). In order to evaluate ∂ vec(∆`)
∂θ∆,`r

,
we need a vectorized form of ∆` in terms of its independent
real-valued elements, arranged in θ∆,`. To this end, we rewrite:

∆` =

N∑
b=1

N∑
c=1

∆`,bc eb e
T
c (77)

=

N∑
b=1

∆`,bb eb e
T
b +

∑
b<c

N∑
c=1

<{∆`,bc}(eb eTc + ec e
T
b )

+ j
∑
b<c

N∑
c=1

={∆`,bc}(eb eTc − ec eTb ) , (78)

where ∆`,bc denotes the (b, c)-th element of ∆` and eb
denotes the b-th column element of the canonical basis in RN .
Vectorizing the preceding equivalent form of ∆`, gives:

vec(∆`) =

N∑
b=1

(eb ⊗ eb) ∆`,bb+

+
∑
b<c

N∑
c=1

(ec ⊗ eb + eb ⊗ ec)<{∆`,bc}

+ j
∑
b<c

N∑
c=1

(ec ⊗ eb − eb ⊗ ec)={∆`,bc} , (79)

which can be expressed, in matrix form, as:

vec(∆`) = Ldα` +Lr β` +Li γ` = CM θ∆,` , (80)

where Ld ∈ RN2×N , Lr ∈ RN2× (N−1) N
2 and Li ∈

CN2× (N−1) N
2 are suitably defined matrices and α` ∈ RN×1,

β` ∈ R
N(N−1)

2 and γ` ∈ R
N(N−1)

2 contain the diagonal, real
and imaginary under-diagonal elements of ∆`, respectively.
Also, in the right-hand side of (80) we have defined CM ,[
Ld Lr Li

]
∈ CN2×N2

and θ∆,` =
[
αT` βT` γT`

]T
clearly holds. Exploiting the result in Eq. (80), provides

∂ ln f1(R;θ)

∂θT∆,`
= vec(Υ`)

†CM . (81)

Concatenating all the sub-gradients gives:

∂ ln f1(R;θ)

∂θTr
=
[
vec(Υ2)† · · · vec(ΥM )†

]
CM,e , (82)

where CM,e ∈ C(M−1)N2×(M−1)N2

is the block-diagonal
replication of CM , i.e., CM,e , blkdiag (CM , . . .CM ).

B. Closed form of I(θ)

In order to derive the explicit expression of the FIM
I(θ), we derive the component blocks (θr,θr), (θs,θs)
and (θr,θs), separately. These blocks are obtained starting
from Eq. (82) and from the explicit expression of ∂ ln f1(R;θ)

∂θT
s

(provided as supplementary material) and can be written as:

I(θr,θr)(θ) =C†M,e E
{[

vec(Υ2)† · · · vec(ΥM )†
]†

×
[
vec(Υ2)† · · · vec(ΥM )†

]}
CM,e;

(83)

I(θs,θs)(θ) =C†M E

{
M∑
m=1

vec (Υm)

M∑
n=1

vec (Υn)
†

}
CM ;

(84)

I(θr,θs)(θ) =C†M,e E


 vec(Υ2)

...
vec(ΥM )

 M∑
n=1

vec (Υn)
†

 CM .

(85)

In order ot obtain an explicit form of the aforementioned matri-
ces, we need to evaluate the moments E{vec(Υm) vec(Υn)†}.

It can be readily shown that since Sm|H1 ∼
CWN (Km,Σm), the matrix Πm , (Σ−1

m SmΣ−1
m )

will be such that Πm|H1 ∼ CWN (Km,Σ
−1
m ).

Also, from standard properties of complex Wishart
distributions, E {Πm|H1} = Km Σ−1

m , thus leading to
E{Υm|H1} = 0N×N (cf. Eq. (26)). Therefore, since
Υms are zero-mean and are based on independent
population samples, E{vec(Υm) vec(Υn)†} = 0N2×N2

when m 6= n (m,n ∈ {1, . . .M}). Differently, for m = n, the
corresponding moments are simply obtained as the covariance
of the vectorized form of a Wishart distributed matrix, that is:

Fm , E{vec(Υm) vec(Υm)†} = Cov[vec(Πm)]

= Km

[
Σ−Tm ⊗Σ−1

m

]
= Km

[
(Σ1 + ∆m)−T ⊗ (Σ1 + ∆m)−1

]
. (86)

Such result can be found in related literature, e.g., [51].
Based on the aforementioned considerations the blocks can
be simplified as in Eqs. (40), (41) and (42), respectively.
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