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Abstract—We focus on the robust joint design of the transmit
waveform and filtering structure for polarimetric radar. Con-
sidering the worst-case Signal to Interference plus Noise Ratio
(SINR) at the output as the figure of merit to optimize under both
a similarity and an energy constraint on the transmit signal, we
develop an iterative optimization procedure. The effectiveness of
the proposed method is validated through experimental results,
underlining the performance improvement given by a full-
polarimetric design.

Index Terms—Polarimetric Radar, Waveform Diversity, Filter
Bank, Extended Target Model, Signal-Dependent Clutter.

I. INTRODUCTION

RECENTLY the increased capability of modern radar
systems, fostered by the development of novel com-

puting architectures, high-speed and off-the-shelf processors,
arbitrary digital waveform generators, solid-state transmitter-
s etc. has enabled the use of very complex and effective
signal processing techniques. This has allowed the radar to
successfully adapt the transmit waveform and receive filter
to the operating environment in a very sophisticated manner
[1, 2], thus resulting in significant performance improvements
in some critical tasks, such as target detection, tracking and
classification. For the mentioned reason, several studies con-
cerning radar transmitted waveform and receive filter design
appeared in the last decades [3–10].

One attractive problem in radar systems is waveform design
for the so-called "extended targets"[11–17], which are also
referred to as "range-spread targets" in the literature [18, 19].
Such interest is motivated by the high potentials of modern
High-Resolution Radar (HRR) systems. In fact, several studies
have shown the significant performance gain achievable by
HRRs. Indeed in a HRR the (finer) range cells determine a
target signature being the composition of multiple dominant
scattering centers whose returns can be individually resolved,
thus increasing the corresponding Signal-to-Interference plus
Noise Ratio (SINR) [12]. Literature has established that an
improvement of the aforementioned metric corresponds to an
indirect way of enhancing detection capability [11–13], or
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improving target identification/classification performance [13–
15].

A further improvement of the output SINR can be obtained
matching the transmit waveform and receive filter to the
returns from the extended target and against the interference,
i.e. the so called "matched-illumination"1. Such design clearly
relies on the availability of a Target Impulse Response (TIR)
model for the probed target and an accurate statistical charac-
terization of the interference. Accordingly, different TIR mod-
els and interference environments have been considered in the
aforementioned works. More specifically, some papers have
considered a deterministic TIR model [12–14, 16] while some
others have assumed a partially-known TIR, or modelled it as
a random process [12, 15, 17]. On the other hand, referring
to the interference background characterization, both signal-
independent [12, 14] and signal-dependent cases [13, 15–
17], have been also considered, the latter scenario being
more challenging. The interested reader is referred to [17] for
additional details. Herein we discuss the works [13] and [16].
In [13] the "matched-illumination" problem is analyzed with
reference to a fully-polarized radar. The term "fully-polarized"
refers to radar ability of synthesizing arbitrary elliptical or
circular polarizations, by means of a linear combination of
two orthogonal linear polarizations. The reason for considering
the design of a fully-polarized radar is due to the desirable
improvement of the output SINR achievable (through polariza-
tion diversity) with respect to conventional single-polarization
systems, as explicitly demonstrated in [20–22] and for the
specific application of weather radar in [23–25]. Consequently,
in [13] an algorithm for the design of optimized (i.e. output
SINR maximizer) fully-polarimetric transmit waveform and
receive filter for an extended target in signal-dependent clutter,
is devised. In such context, we remark that the full-polarization
scattering behavior of the (extended) target is characterized
by the TIR Matrix (TIRM)[13]. Precisely, the method in [13]
shows that the maximum target SINR is obtained when the
transmit waveform vector is chosen to be proportional to the
dominant eigenvector of the target autocorrelation matrix in
terms of both the TIRM and the noise autocorrelation matrix
in no-clutter case; in the case of non-negligible clutter, its
autocorrelation matrix depends upon the power spectrum of the
full-polarization transmission vector, so that an iterative pro-
cedure is applied. However, the iteration technique developed
therein is not guaranteed to converge to an optimal solution.

1With the term "matched-illumination" the authors refer to jointly optimized
transmit waveform and receive filter maximizing the output SINR.
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Therefore in [16] an improved algorithm, guaranteeing non-
decreasing SINR at each iteration and converging to a steady-
state value, is proposed. Though the algorithm is devised for
a Multiple-Input Multiple-Output (MIMO) radar, it can be
readily applied to a full-polarimetric radar by setting both
the numbers of transmission and reception channels equal
to two. Both works [13, 16] are however based on the
following restrictive assumptions: 1) the TIRM is assumed
exactly known; 2) only energy limitations are accounted in the
design of the transmitted radar signal; 3) though the clutter is
modelled to be polarization-correlative, it is assumed range-
bin independent.

In fact, due to high sensitivity of the TIRM with respect to
the Target Aspect Angle (TAA), assuming its exact knowledge
is somewhat overoptimistic, and a reliable design should
provide some sort of robustness against such uncertainty.
Additionally, it is practically appealing to enforce constraints
on the shape of the transmitted signal in order to control
some relevant characteristics of the waveform, such as range-
Doppler resolution, variations in the signal modulus, and peak-
to-sidelobe level [7]. Finally, assuming statistical indepen-
dence of the clutter returns among the range cells may be not
a reasonable assumption, especially in the case of fast-time
codes.

As a consequence, in this paper we reconsider the problem
of jointly optimizing the transmit waveform and the receive
filter polarization from a more general point of view. Indeed,
building upon the extended target model in signal-dependent
interference, we focus on a less restrictive formulation. More
precisely, assuming the TAA known within a given uncertainty
set, we employ a filter bank2 with each branch tuned to a
specific TAA (viz. to a specific TIRM) as opposed to one
single filter and consider the worst-case SINR at the output
of the filter bank as the figure of merit. This choice naturally
ensures performance robustness with respect to TAA uncer-
tainty. Secondly, other than an energy constraint, we enforce
a similarity constraint to control the relevant features of the
transmitted signal. Thirdly, we assume clutter correlation in
both polarization and range domains.

The resulting design problem belongs to a class of non-
convex max-min optimization problems not possessing a sim-
ple direct solution. Thus, we provide an equivalent formulation
of the original design which paves the way to the development
of a novel iterative optimization procedure monotonically
improving the worst-case SINR. Each iteration of the algo-
rithm, whose convergence to a stationary point is analytically
proved, requires the solution of both a convex and a max-
min fractional problem. The proposed approach is also able
(by properly selecting the number of iterations according to
a prescribed time or complexity limit) to gracefully trade off
SINR improvement for complexity, with the starting solution
coinciding with traditional code/radar filter bank processing.
At the analysis stage, we examine the performance of the
proposed full-polarization transmit code and receive filter bank

2Filter banks are commonly employed in radar signal processing. See for
instance the well-known moving target detector [26] where a bank of Doppler
filters [10, 23, 27] is used to deal with target signature uncertainties due to
the unknown Doppler frequency.

technique by testing it on an experimental dataset of T-72
tank under (signal-dependent) clutter and (signal-independent)
noise background. We then compare our novel algorithm
with its single-polarization counterpart and with the (full-
polarimetric) methods in [13, 16]. The investigated setup
illustrates the effectiveness of the new method and highlights
the advantage of our polarimetric robust design.

The remainder of the paper is organized as follows. In
Sec. II, we introduce the system model, along with the
description of the full-polarization target response and the
statistical characterization of the interference. In Sec. III, the
constrained optimization problem for the joint robust design
of the radar waveform and the receive filter bank is formu-
lated. Then, in Sec. IV we develop the iterative optimization
procedure producing the optimized waveform and filter bank
structure while experimental results are reported and discussed
in Sec. V. Finally, concluding remarks and possible future
research tracks are provided in Sec. VI. Proofs and derivation
are confined to the Appendix.

Notation

We adopt the notation CN and CN×N , respectively, for the
sets of N -dimensional vectors of complex numbers and N×N
complex matrices. We use boldface for vectors a (lower case)
and matrices A (upper case). The notation A(i, j) represents
the i-th row and j-th column element of the matrix A. I and
0 denote, respectively, the identity matrix and the matrix (or
vector) of zero entries, with their dimensions being determined
from the context. λmin(X) is the minimum eigenvalue of
the Hermitian matrix X ∈ CN×N . The Euclidean norm
of the vector x is denoted by ||x|| and for the matrix B,
‖B‖2 and ‖B‖F represent its spectral 2-norm and Frobenius
norm, respectively. The symbols (·)∗, (·)T , (·)†, E[·], ⊗ and
<(·) denote the conjugate, transpose, Hermitian, expecta-
tion, Kronecker product and real part operators, respectively.
diag (a) indicates the diagonal matrix obtained by placing
the components of the vector a along the diagonal. Finally,
for any optimization problem P , v(P) and Ω(P) denote the
corresponding optimal value and feasible set, respectively.

II. TARGET AND SIGNAL MODEL

A. Target Model

We assume that a HRR is employed; thus, the overall scat-
tering behaviour of the probed target is completely specified
by the TIRM. Additionally, for the sake of simplicity, we will
consider a monostatic configuration. It is well known that the
TIRM is strongly dependent on the TAA in a two-dimensional
scenario [1, 20], namely the target scattering behavior is
sensitive with respect to even a small change of the TAA3 θ.
As an example, Fig. 1 shows the TIRM of a T-72 tank with the
azimuth angle ranging within [0◦, 360◦], and corresponding
to a fixed elevation angle of 30.42◦. The subplots 1.a, 1.b, 1.c
and 1.d depict HH, HV, VH and VV components of the target

3For notational simplicity, we will focus on a two-dimensional scenario.
Nonetheless, the present framework can be readily generalized to a three-
dimensional scenario, with the TIRM being dependent on both elevation and
azimuth angles.
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Fig. 1: The TIR (dB scale) of HH (a), HV (b), VH (c) and
VV (d) components for a T-72 tank in [28], covering the
full range of azimuth [0◦, 360◦] with the elevation equal
to 30.42◦, where "XY" channel refers to the contribution
of transmitted "Y" polarization component to "X" received
polarization component.

response, respectively. Clearly, these subplots emphasize that
the target response of all the polarization channels consider-
ably changes with the azimuth angle. Therefore, taking into
account TIRM variability w.r.t. TAA represents the key point
for an effective transmit-receive design. As a consequence, we
will explicitly stress the dependence of the TIRM with respect
to the TAA in the following.

B. Signal Model

Let us consider a radar system that transmit a fully polari-
metric waveform and denote by

s ,
[(
sH,0, sV,0

)
, . . . ,

(
sH,N−1, sV,N−1

)]T ∈ C2N , (1)

the fast time transmit code in an interleaved form, where
the subscripts H and V denote the horizontal and vertical
polarization components, respectively. This representation is
fully general, since any circularly polarized or elliptically
polarized waveform can be expressed as a linear combination
of two orthogonally linear polarizations [20]. We also define
the polarimetric transmit waveform in a de-interleaved form
as

sd , [sH , sV ]
T

= [sH,0, . . . , sH,N−1, sV,0, . . . , sV,N−1]
T .
(2)

Clearly s and sd can be easily obtained one from the other by a
simple interleaving/de-interleaving operation. Notice that, the
higher the time-bandwidth product of the transmitted wavefor-
m the higher N . Let the support of the TIRM (corresponding
to the TAA θ) have size Q and the observations be collected

over a discrete interval M , where M = Q + N − 1 so that
the majority of the extended target echoes is received. For a
certain TAA θ and range bin n, the full-polarization target
scattering matrix Tn(θ) ∈ C2×2, being a part of the TIRM
T (θ), is expressed as [2]

Tn(θ) ,

[
THH,n(θ) THV,n(θ)
TV H,n(θ) TV V,n(θ)

]
,

θ ∈ [0, 2π), n ∈ {0, 1, . . . , Q− 1},
(3)

where TXY,n(θ) denotes the scattering coefficient experienced
by transmitted "X" polarization component received on "Y "
polarization at n-th range bin in correspondence of the aspect
angle θ. Herein we assume that the parameter Q is known, as it
can be determined from the maximum target length and radar
range resolution, i.e., T n(θ) ≈ 0 unless n ∈ {0, 1, . . . , Q−1}.
Similarly, the clutter scattering matrix Cn ∈ C2×2 associated
to the n-th range bin, being a part of the Clutter Impulse
Response Matrix (CIRM) C, is defined as

Cn ,

[
CHH,n CHV,n
CV H,n CV V,n

]
,

n ∈ {−N + 1,−N + 2, . . . ,M − 1}.
(4)

After stacking all the observations into a single vector,

r ,
[(
rH,0, rV,0

)
, . . . ,

(
rH,M−1, rV,M−1

)]T ∈ C2M , (5)

the signal model in compact form is given by

r = αTT (θ)s + c + v = αTT (θ)s + Cs + v, (6)

where αT is a complex parameter that takes into account
radar equation, propagation effects, etc, and v is the 2M -
dimensional additive noise

v ,
[(
vH,0, vV,0

)
, . . . ,

(
vH,M−1, vV,M−1

)]T ∈ C2M . (7)

The matrices

T (θ) ,
Q−1∑
n=0

Jn ⊗ T n(θ), (8)

and

C ,
M−1∑

n=−N+1

Jn ⊗Cn, (9)

are the 2M ×2N -dimensional TIRM and CIRM, respectively,
with Jn being the M × N -dimensional shift matrix defined
as follows

Jn(`1, `2) ,

{
1 if `1 − `2 = n

0 if `1 − `2 6= n
,

`1 ∈ {1, . . . ,M}, `2 ∈ {1, . . . , N}.
(10)

Compared with the TIR of a single-polarization measurement
in [17], the full-polarization TIRM has a similar form except
for the scalar scattering coefficients replaced by 2×2 matrices
and the Kronecker product operation involved. Furthermore,
T (θ) can also be written in an extended (viz. explicit) form
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with respect to the implicit (viz. compact) definition as the
block-Toeplitz matrix (assuming for simplicity Q ≥ N )

T (θ) =



T 0(θ) 0 . . . 0
T 1(θ) T 0(θ) . . . 0

...
...

. . .
...

TN−1(θ) TN−2(θ) . . . T 0(θ)
...

...
. . .

...
TQ−1(θ) TQ−2(θ) . . . TQ−N (θ)

0 TQ−1(θ) . . . TQ−N+1(θ)
...

...
. . .

...
0 0 . . . TQ−1(θ)


.

(11)
Similarly, the CIRM C is expressed as the block-Toeplitz
matrix

C =



C0 C−1 . . . C−N+1

C1 C0 . . . C−N+2

...
...

. . .
...

CN−1 CN−2 . . . C0

CN CN−1 . . . C1

...
...

. . .
...

CM−1 CM−2 . . . CM−N


. (12)

We assume that the clutter and noise are uncorrelated. As to
the statistical characterization of the noise vector v, we assume
it to be zero-mean (i.e., E[v] = 0), and circularly symmetric
with covariance matrix Σv = E[vv†] = σ2

vI , with σ2
v being

the mean square value of each filtered noise sample.
As to the clutter statistical characterization, due to the

reciprocity of monostatic radar, we assume that CHV,n =
CV H,n, n ∈ {−N + 1, . . . ,M − 1}. We do not make any
(restrictive) assumption on the multivariate statistical charac-
terization of c. Differently, for the clutter scatterer in the n-th
range bin, we assume it to be zero-mean, i.e., E[Cn] = 0.
This straightforwardly implies that E[C] = 0. As opposed to
[13], we account for the clutter correlation in both polarization
and range domains. More specifically, we define

rjk(n, n′) ,
E[Cj,nC

∗
k,n′ ]√

E[|Cj,n|2]
√
E[|Ck,n′ |2]

, (13)

where j, k ∈ {HH,HV, V V }, as the normalized correlation
parameter between the clutter scatterers of the "j" channel and
the "k" channel at n-th and n′-th range bin, respectively. As
to the polarization correlation of the clutter, we exploit the
polarimetric clutter model in [21, Sec. II]. Also, we observe
that matrix C can be rewritten in the following form

C =

M−1∑
n=−N+1

Jn ⊗Cn

=

M−1∑
n=−N+1

[CHH,nJn ⊗A1 + CHV,nJn ⊗A2

+CV V,nJn ⊗A3]

, (14)

where A1 ,

[
1 0
0 0

]
, A2 ,

[
0 1
1 0

]
, and A3 ,

[
0 0
0 1

]
.

Let us also define the compact index notation {1, 2, 3} =

{HH,HV, V V }. Hence, after some algebraic manipulations,
the 2M × 2M clutter covariance matrix is obtained as

Σc(s) = E[cc†] = E[Css†C†]

=

M−1∑
n=−N+1

M−1∑
n′=−N+1

[
√
σn
√
σn′r11(n, n′) (Jn ⊗A1) ·

ss†
(
JTn′ ⊗A1

)
+
√
εnσn

√
εn′σn′r22(n, n′) (Jn ⊗A2) ·

ss†
(
JTn′ ⊗A2

)
+
√
σn
√
σn′χn′r13(n, n′) (Jn ⊗A1) ss†·(

JTn′ ⊗A3

)
+
√
σnχn

√
σn′r∗13(n′, n) (Jn ⊗A3) ss†·(

JTn′ ⊗A1

)
+
√
σnχn

√
σn′χn′r33(n, n′) (Jn ⊗A3) ss†·(

JTn′ ⊗A3

)]
,

(15)

where

σn , E[|CHH,n|2], εn ,
E[|CHV,n|2]

E[|CHH,n|2]
,

χn ,
E[|CV V,n|2]

E[|CHH,n|2]
.

(16)

Remarks: In obtaining (15), we assumed that the copolar-
ized components are independent of the cross-polarized com-
ponents, namely E

[
CHH,nC

∗
HV,n′

]
= E

[
CHV,nC

∗
HH,n′

]
=

E
[
CHV,nC

∗
V V,n′

]
= E

[
CV V,nC

∗
HV,n′

]
= 0. As stated in [29],

this is reasonable for clutter, especially arising from rough
surfaces or a random medium model. Here, we also introduce
ρn defined as

ρn ,
E[CHH,nC

∗
V V,n]

[E[|CHH,n|2]E[|CV V,n|2]]
1
2

, (17)

so that for the case of j = HH and k = V V , we use such pa-
rameter in r13(·, ·) to represent a complete implementation of
the reported parameters in [22]. As a consequence, the clutter
covariance is specified by parameters4 {(σn, εn, χn, ρn) , n =
−N + 1, . . . ,M − 1} and normalized correlations rjk(·, ·).

III. PROBLEM FORMULATION

Our goal is to jointly design the full-polarization transmit
code and the receive filter assuming the output SINR as the
relevant figure of merit. Firstly, the received vector r of length
2M includes both the target echo term αTT (θ)s and also
the undesirable contributions due to the system noise v and
(signal-dependent) clutter return Cs. If the observation vector
is filtered through w , [w(0), . . . , w(2M − 1)]T ∈ C2M , the
system output can be written as

y = w†r = αTw
†T (θ)s + w†Cs + w†v, (18)

with the corresponding output SINR

SINRθ(s,w) ,
|αT |2|w†T (θ)s|2

E[|w†Cs|2] + E[|w†v|2]
. (19)

4In [22], a set of typical values of σ, ε, χ and ρ for trees, grass, mixed
scrub, and shadows clutter have been reported.
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Fig. 2: Block diagram of the filter bank processing.

Before proceeding further, we introduce an equivalent expres-
sion for the SINR in (19), as summarized in the following
proposition.

Proposition 3.1: The output SINR in (19) can be recast as

SINRθ(s,w) =
|αT |2|w†T (θ)s|2

w† (Σc(s) + σ2
vI)w

. (20)

Proof: See Appendix A.
We remark that it is customary to assume that some relevant

features of the illuminated target can be obtained or roughly
estimated by pre-scan procedures, and employing cognitive
methods [3, 7, 9]. For example, in the case of an already-
tracked target, those known features may include an accurate
confidence on the type of target (e.g., obtained from a target
classifier) and the potential range of TAA (e.g., obtained from
a target tracker) [17]. This implies that the exact TAA is not
known a priori, resulting in the lack of perfect knowledge of
the TIRM. Therefore, in order to circumvent this uncertainty
on target scattering behavior, at the design stage, we assume
a complete dataset of TIRM (encompassing a set of relevant
TAAs) to be available, and employ a bank of filters, each tuned
to a specific TAA (viz. to a specific TIRM), to jointly optimize
the transmit code and receive filter.

Precisely, let the vector r be processed through the array
of filters5 {wi}Ki=1 each tuned to a specific TAA θi, i =
1, 2, . . . ,K. Fig. 2 exhibits a pictorial representation of the
filter bank processing. Then the output SINR at the i-th branch
(SINRi) i = 1, 2, . . . ,K, can be written as

SINRi(s,wi) =
|αT |2|w†iT (θi)s|2

w†iΣc(s)wi + σ2
vw
†
iwi

, (21)

where the numerator is the useful energy at the output with
respect to the matched TAA θi, while the denominator rep-
resents the signal-independent noise and the signal-dependent
clutter energies at the output of the filter wi, respectively.
Considering the worst-case SINR at the output of the filter
array as the relevant figure of merit, i.e.,

SINR , min
i=1,2,...,K

SINRi, (22)

a robust design with respect to the TAA uncertainty can be
conceived. A few important considerations are now in order
on (22). Firstly, the considered filter-bank approach allows for
robustness at the receive stage, since each receive filter may
be optimized to its presumed TAA. Secondly, considering (22)
as the relevant figure of merit allows for robustness also at

5Obviously, we assume that wi 6= 0, i = 1, 2, . . . ,K.

the transmit stage, since the optimized waveform can avoid
scenarios where non-satisfactory SINR values are observed
(even though after matched processing), corresponding to less
favourable TAA cases.

Moreover, some practical constraints on the probing signal
need to be considered. More specifically, to control some
relevant features of the probing signal, in addition to a con-
straint on the transmitted energy, i.e., ||s||2 = 1, a similarity
constraint is enforced on the transmit sequence:

||s− s0||2 ≤ γ, (23)

where the parameter 0 ≤ γ < 2 rules the size of the
trust hypervolume and s0 is a prefixed code (||s0||2 = 1).
The constraint (23) is motivated by the following reason. An
unconstrained optimization can lead to signals with signifi-
cant modulus variations, poor range resolutions, high peak-
to-sidelobe levels, and more generally to a non-desirable
ambiguity function response. These drawbacks can be par-
tially circumvented by forcing the solution to be similar to
a known code s0, which shares some excellent properties
such as constant modulus, reasonable range resolution, and
peak-to-sidelobe level [7]. Hence, the optimization problem
for the joint design of full-polarization radar transmit code
and the receive filter bank, under such energy and similarity
constraints, can be formulated as

P

 max
s,{wi}Ki=1

min
i=1,...,K

|w†iT (θi)s|2

w†iΣc(s)wi + σ2
vw
†
iwi

s.t. ‖s‖2 = 1, ‖s− s0‖2 ≤ γ
, (24)

in which the term |αT |2 is not included since it does not affect
the optimization problem to be handled at hand.

From inspection of (24), an interesting consideration is now
in order. In standard radar processing, when a fixed transmit
waveform s̄ is employed, the matched filters are given as

wi,m = αT (θi)s̄, i = 1, 2, . . . ,K, (25)

with α being a trivial constant. Substituting (25) into (21) and
(22) yields the worst-case matched-filter SINR

SINRMF , min
i=1,...,K

SINRMF
i

= min
i=1,...,K

|αT |2|s̄†T (θi)
†T (θi)s̄|2

s̄†T (θi)†Σc(s̄)T (θi)s̄ + σ2
v‖T (θi)s̄‖2

.
(26)

On the other hand, (21) can be upper-bounded by

SINRUB ,
|αT |2 max

i=1,...,K
||T (θi)||22

min
s,||s||=1

λmin(Σc(s)) + σ2
v

. (27)

Hence, the following order relation holds true

SINRUB ≥ max
s,{wi}Ki=1

SINR ≥ SINRMF. (28)

Therefore (28) defines the region of the potential SINR
improvement achieved by the optimization of joint trans-
mitter/receiver design with respect to the classic processing.
Evidently, the width of the interval [SINRMF,SINRUB] de-
pends on the specific clutter environment (through the matrix
(Σc(s))).
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To develop our SINR optimization algorithm, we first in-
troduce the following technical reformulation of P providing
an alternative expression of the SINR, summarized in the
following proposition.

Proposition 3.2: The objective function of P can be recast
as:

max
s,{wi}Ki=1

min
i=1,...,K

|w†iT (θi)s|2

s†
(
Σ̄c(wi) + σ2

vw
†
iwiI

)
s
, (29)

where

Σ̄c(wi) = E[cc†] = E[C†wiw
†
iC]

=

M−1∑
n=−N+1

M−1∑
n′=−N+1

[√
σn
√
σn′r∗11(n, n′)

(
JTn ⊗A1

)
·

wiw
†
i (Jn′ ⊗A1) +

√
εnσn

√
εn′σn′r∗22(n, n′)

(
JTn ⊗A2

)
·

wiw
†
i (Jn′ ⊗A2) +

√
σn
√
σn′χn′r∗13(n, n′)

(
JTn ⊗A1

)
·

wiw
†
i (Jn′ ⊗A3) +

√
σnχn

√
σn′r13(n′, n)

(
JTn ⊗A3

)
·

wiw
†
i (Jn′ ⊗A1) +

√
σnχn

√
σn′χn′r∗33(n, n′)

(
JTn ⊗A3

)
·

wiw
†
i (Jn′ ⊗A3)] .

Proof: See Appendix B.

IV. CODE AND FILTER BANK DESIGN

In the sequel, we will deal with the non-convex (the
objective is non-convex and ||s||2 = 1 defines a non-convex
set) optimization P and propose a sub-optimal solution with a
quality guarantee. A first step toward such goal is represented
by the following proposition that provides our main technical
results from an optimization theory point of view. More
specifically, we recast P as an equivalent optimization problem
where, with respect to either the code or the filter vectors, the
feasible set is convex and each objective function is the ratio
between a bilinear function and a marginally convex function.

Proposition 4.1: Problem P is solvable6 and, for any 0 ≤
γ < 2, can be equivalently recast7 as

P1



max
s,{wi}Ki=1

min
i=1,...,K

<
(
w†iT (θi)s

)
√
w†iΣc (s)wi + σ2

vw
†
iwi‖s‖2

s.t. ‖s‖2 ≤ 1,

<
(
s†0s
)
≥ γ1,

<
(
w†iT (θi)s

)
≥ 0, i = 1, 2, . . . ,K

,

(30)
where γ1 = 1 − γ

2 > 0. Indeed, given an optimal solution to
P , it is possible to construct an optimal solution to P1, and
vice versa.

Proof: the proof can be obtained similarly as that given
in [10].

6By “solvable” we mean that the problem is feasible and bounded above,
and the optimal value is attained (see [31, p. 13]).

7The case γ = 2 is not of great practical relevance since it refers to the
absence of the similarity constraint. In this specific case, the optimal value can
be approximated through (30), with arbitrary precision, just setting γ = 2− 1

n
with n large enough.

We can see that P1 is still a non-convex optimization
problem because the objective function is the same non-convex
function as in P . Nevertheless, as opposed to P , the equivalent
formulation provided by Prop. 4.1 shares a convex feasible set
with a quasi-concave objective. Hereinafter, aimed at finding
a good solution for the aforementioned problem, we develop
an optimization procedure which iteratively optimizes

g(s, {wi}Ki=1) ,

min
i=1,...,K

<
(
w†iT (θi)s

)
√
w†iΣc (s)wi + σ2

vw
†
iwi‖s‖2

. (31)

More specifically, starting from an array of receive filters
{w(m−1)

i }Ki=1, we search for an admissible radar code s(m)

at step m maximizing g(s, {w(m−1)
i }Ki=1). Whenever s(m)

is found, we search for the filter bank {w(m)
i }Ki=1 which

maximizes g(s(m), {wi}Ki=1), and so on. Otherwise stated,
{w(m)

i }Ki=1 is used as the starting point at step m + 1. To
trigger the procedure, the optimal receive filter {w(0)

i }Ki=1, for
the admissible code s(0), is considered. The algorithm can be
initialized with s0.

From an analytical point of view, s(m) and {w(m)
i }Ki=1 are

the optimal solutions to the optimization problems P(m)
s and

P(m)
w , respectively, defined as:

Ps(m)



max
s

min
i=1,...,K

<
(
w

(m−1)
i

†
T (θi) s

)
√

w
(m−1)
i

†
(Σc (s) + σ2

v‖s‖2I)w
(m−1)
i

s.t. ‖s‖2 ≤ 1,

<
(
s†0s
)
≥ γ1,

<
(
w

(m−1)
i

†
T (θi) s

)
≥ 0, i = 1, 2, . . . ,K

,

(32)
and

Pw(m)


max
{wi}Ki=1

min
i=1,...,K

<
(
w†iT (θi) s

(m)
)

√
w†i (Σc (s(m)) + σ2

v‖s(m)‖2I)wi

s.t. <
(
w†iT (θi) s

(m)
)
≥ 0, i = 1, 2, . . . ,K

.

(33)

The proposed procedure exhibits some interesting properties
summarized in the following proposition.

Proposition 4.2: Assume that problems Pw(m) and Ps(m)

are solvable8. Let
{(

s(m), {w(m)
i }Ki=1

)}
be a sequence of

points obtained through the proposed iterative optimization
procedure; let also SINR(m) be the worst SINR value cor-
responding to the point

(
s(m), {w(m)

i }Ki=1

)
at the m-th iter-

ation. Then:
• the sequence SINR(m) is monotonically increasing with
m and converges to a finite value SINR?;

• starting from the sequence
{(

s(m), {w(m)
i }Ki=1

)}
,

it is possible to construct a subsequence{(
s̃(m

′), {w̃(m′)
i }Ki=1

)}
, that converges to a feasible

8In the following subsections we develop optimization procedures to
globally solve both Pw(m) and Ps(m).
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Fig. 3: Block diagram of the proposed transmit code and
receive filter bank optimization procedure.

point
(
s̃?, {w̃?

i }Ki=1

)
of P1 and such that the worst SINR

evaluated in
(
s̃?, {w̃?

i }Ki=1

)
is equal to SINR?;

• any cluster point
(
s̃?, {w̃?

i }Ki=1

)
to{(

s(m), {w(m)
i }Ki=1

)}
, with w̃?

i 6= 0, i = 1, . . . ,K, is
a stationary point for P1.

Proof: The proof is similar to that found in [10] and thus
it is omitted for the sake of brevity.

Prop. 4.2 highlights that the devised algorithm monotonical-
ly converges to the limit value associated with the employed
starting point and that any cluster point is a stationary point.
The former ensures the algorithm stability (in terms of con-
vergence) while the latter shows the quality of the obtained
solution since it satisfies necessary optimality conditions.

Remarks: We observe that the proposed iterative optimiza-
tion procedure requires an exit condition. Some natural choices
consist in: considering the maximum number of tolerable
iterations, or the difference between two consecutive values
of the partially optimized SINR (i.e. forcing an iteration
gain constraint), or mixing them. Fig. 3 presents a block
scheme representation of the joint optimization process of
the radar code and receive filter bank, based on the available
information of the target and clutter environment. Precisely,
the joint optimization process of the radar code and receive
filter bank, based on the available information of the target
and clutter environment, can be described as follow. Through
the use of a TIRM and CIRM database, we obtain the required
knowledge for the target and the clutter, in terms of T (θi),
{σn, εn, χn, ρn} and rjk(·, ·), {j, k} ∈ {HH,HV, V V },
respectively. Triggering the optimization procedure with an
initial code s0, we obtain the filter bank {w(0)

i }Ki=1. Then,
we iteratively optimize the SINR by solving Ps(m) and
Pw(m) and we obtain, at the step m,

(
s(m), {w(m)

i }Ki=1

)
.

The process continues until the exit condition is satisfied,
returning (optimized) radar code s? and the receive filters
{w?

i }Ki=1. The next subsections will be devoted to the study
of the optimization problems Pw(m) and Ps(m) required to
implement the proposed iterative optimization algorithm.

A. Receive Filter Optimization: Solution to Problem Pw(m)

The following Lemma provides a convex formulation to
Pw(m) that paves the way to the design of the optimal receive
filter bank structure.

Lemma 4.3: An optimal solution to Pw(m), is obtained by
solving the set of the decoupled problems, Pi, i = 1, . . . ,K,
defined as:

Pi
{

min
w

w†Σc

(
s(m)

)
w + σ2

vw
†w‖s(m)‖2

s.t. <(w†T (θi) s
(m)) = 1, i = 1, . . . ,K

,

(34)
i.e., given optimal solutions w?

i respectively to Pi, i =
1, . . . ,K, {w?

i }Ki=1 is an optimal solution to Pw(m).
Proof: The proof is similar to that found in [10] and thus

it is omitted for the sake of brevity.
Using Lem. 4.3 and [34], an optimal solution to Pw(n) is

given by

w
(m)
i =

(
Σc

(
s(m)

)
+ σ2

v ‖s(m)‖2I
)−1

T (θi) s
(m)∥∥∥∥(Σc

(
s(m)

)
+ σ2

v ‖s(m)‖2I
)−1/2

T (θi) s
(m)

∥∥∥∥2
,

i =1, . . . ,K. (35)

Eq. (35) implies that the solution for i-th receive filter in the
bank at m-th iteration is the well-known Capon filter (also
known as minimum-variance distorsionless response in the
literature) [35]. It also highlights the influence of s(m) as well
as the nominal TIRM on the optimized responses of the filters.

B. Radar Code Optimization: Solution to Problem Ps(m)

In this subsection, the main properties of Ps(m) are an-
alyzed. Specifically, we prove that the problem is solvable
and describe an algorithm that finds an optimal solution. To
this end, we exploit results from the Generalized Fractional
Programming (GFP) theory [36, 37], which are summarized
hereinafter in the form of a lemma.

Lemma 4.4: Let X ⊆ CN be a convex compact set,
{fi(x)}Ii=1 be non-negative concave functions over X , and
{gi(x)}Ii=1 positive convex functions over X . Hence, the GFP
problem

PGFP

 max
x

min
i=1,...,I

fi(x)

gi(x)
s.t. x ∈ X

, (36)

is solvable and an optimal solution can be obtained through
Algorithm 19.

Algorithm 1 is characterized by a linear convergence rate
[37] and, at each iteration, it only requires the solution of
a convex problem, which can be obtained in polynomial
time using many convex programming algorithms [32, 38].
Additionally, the objective function of PGFP monotonically
converges to the optimal value of PGFP and the exit condition
Fλ = 0, in practice, is replaced by Fλ ≤ ς , with ς being a
prescribed accuracy. Interestingly, the bisection method [32]
could also be used to solve (36) even if it usually involves
a higher number of iterations than the counterpart to conver-
gence to the optimal solution [33].

9It is worth pointing out that the convergence of Algorithm 1 to an optimal
solution of PGFP holds even under some milder technical conditions [37].
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Algorithm 1 : Generalized Dinkelbach’s Algorithm

Input: X ⊆ CN , {fi(x)}Ii=1, and {gi(x)}Ii=1.
Output: A solution for the optimal x.

1: set m = 0, λm = 0.
2: do
3: find x?m = arg max

x∈X
min
1≤i≤I

{fi(x)− λmgi(x)};
4: Fλ = min

1≤i≤I
{fi(x?m)− λmgi(x?m)};

5: m = m+ 1;

6: λm = min
1≤i≤I

fi(x
?
m)

gi(x?m)
;

7: until Fλ = 0
8: output x? = x?m.

Let us now observe that Ps(m) belongs to the class of
GFP problems. In fact, based on Thm. 3.1, Ps(m) can be
equivalently recast as



max
s

min
i=1,...,K

<
(
w

(m−1)
i

†
T (θi) s

)
√

s†
(
Σ̄c
(
w

(m−1)
i

)
+ σ2

v‖w
(m−1)
i ‖2I

)
s

s.t. ‖s‖2 ≤ 1,

<
(
s†0s
)
≥ γ1,

<
(
w

(m−1)
i

†
T (θi) s

)
≥ 0, i = 1, 2, . . . ,K

.

(37)
It can be seen that the feasible set is a convex compact set and

the functions in the objective comply with the assumptions of
Lem. 4.4. As a consequence, we can apply Algorithm 1 to
get an optimal solution. Interestingly, the optimization problem
involved in each step of Algorithm 1 can be recast as a Second
Order Cone Programming (SOCP) problem10 exploiting its
epigraph form [32].

C. Transmit-Receive System Design: Optimization Procedure

In this subsection, the devised iterative optimization proce-
dure is summarized as Algorithm 2.

First, it is important to remark that the devised procedure
is able to improve the performance of any feasible transmit-
receive pair, due to its monotonically increasing property. Sec-
ondly, it is worth noticing that the computational complexity
connected with the implementation of Algorithm 2 depends
on the number of outer iterations N , as well as on the com-
plexity burden required at each iteration. Precisely, the overall
complexity is linear with respect to N , while, in each iteration,
it includes the computation of

(
Σc
(
s(m)

)
+ σ2

v‖s(m)‖2I
)−1

and the implementation of Algorithm 1. The former is in
the order of O(K(2N)3) [39]. The latter is linear with
respect to the number of inner iterations while each iteration
corresponds to the complexity required to solve a SOCP,
which is O((2M)3.5 log(1/η)) (see [31, p. 249]), where η is a

10Notice that, the super-linear convergent algorithm developed in [37] can
also be used to tackle Ps(n). In fact, the denominator functions in Ps(n)

are strictly convex functions. However, each iteration of the aforementioned
procedure may require a higher computational load than Algorithm 1. The
interested reader might consult [37] for further details on the complexi-
ty/convergence rate of several related methods used to solve GFP problems.

Algorithm 2 : Polarization Transmit-Receive System Design

Input:
{
σ2
v

}
, {σn, εn, χn, ρn} , rjk(·, ·), {T (θi)} , s0, γ.

Output: A solution
(
s?, {w?

i }Ki=1

)
to P .

1: set m := 0, s(m) = s0, then the receive filter op-
timizer w

(m)
i is given in Eq. (35), and SINR(m) =(

g(s(m), {w(m)
i }Ki=1)

)2
;

2: do
3: m := m+ 1;
4: construct

(
Σ̄c(w

(m)
i ) + σ2

v‖w
(m)
i ‖2I

)
, i =

1, . . . ,K;
5: solve Ps(m) finding an optimal radar code s(m), via

the use of Algorithm 1;
6: construct the matrix Σc

(
s(m)

)
;

7: solve Pw(m) finding an optimal receive filter bank
using Eq. (35).

8: let SINR(m) =
(
g(s(m), {w(m)

i }Ki=1)
)2

;

9: until |SINR(m) − SINR(m−1)| ≤ ζ
10: output s? = s(m) and w?

i = w
(m)
i , i = 1, . . . ,K.

prescribed accuracy. Finally, we recall that the aforementioned
complexity can be mitigated by the fact that for each set of
TIRM and clutter parameters a corresponding routine (based
on Algorithm 2) could be run offline to obtain the optimized
waveform/receive filter bank, which can be thus stored to form
a corresponding library, as proposed by [40].

V. NUMERICAL RESULTS

In this section, the performance analysis of the proposed
algorithm is presented. We utilize the Georgia Technology
Research Institute publicly released dataset [28] as the fore-
knowledge of the target. The dataset includes a turntable phase
history data of the T-72 tank measured covering a set of
azimuth and elevation angles by a fully polarimetric X-band
radar, in which the transmitted signal is a stepped frequency
pulse waveform with a central frequency f0 = 9.6 GHz
and the number of transmitted frequencies is equal to 221
equally spaced by 3 MHz, with a corresponding bandwidth
of 660 MHz. The nominal range resolution of the data is
0.3048 m (1 foot). As shown in Fig. 4, the elevation angles
belong to the interval [28◦, 32◦] and are equally spaced by
0.14◦ (Fig. 4(a)) while the azimuth span covers the whole
angular space [0◦, 360◦] and is organized around central
angles approximately spaced by 4.25◦ (Fig. 4(b)). Throughout
the simulations, we fix the elevation angle to 30.42◦. Each file
in the dataset contains 79 radar sweeps for a fixed elevation
angle and corresponds to a certain central azimuth angle. After
every radar sweep, the turntable rotates 0.05◦ in azimuth;
therefore, a total azimuth variation of 3.90◦ is spanned w.r.t.
the corresponding central azimuth angle. Based on the length
extent of the considered target [41] and the radar range
resolution, we set the TIRMs support interval as Q = 37
and normalize the target response energy w.r.t. the azimuth
angle to a unitary value as T n(θ) in (3), by implementing the
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Fig. 4: The overall orientation set for the turntable object in
[42]: (a) elevation belongs to [28◦, 32◦]; (b) azimuth belongs
to [0◦, 360◦].

following normalization operation

T n (θ) =
T̄ n (θ)√∑Q−1

n=0 ‖T̄ n (θ) ‖2F
(38)

where T̄ n(θ) and T n(θ) denote the unnormalized and normal-
ized target scattering matrix as a function of n, respectively.

Throughout the simulations, unless otherwise stated, we
specify |αT |2 = 1. We consider a code length N = 30, and use
the same linear frequency modulated waveform for horizontal
and vertical components of initial code s0, to which we intend
to enforce a similarity, i.e.,

sH0(n) = sV 0(n) =
1√
2N

ejπ
n2

2N , n = 0, . . . , N −1, (39)

corresponding to a chirp signal sharing the chirp rate K =
f2
s

2N ,
with fs being the underlying sampling frequency. Furthermore,
with reference to the similarity constraint, unless otherwise
stated, we assume that γ = 0.5. Regarding to the exit condition
of the devised methods, we set ς = 10−6 for Algorithm 1
and ζ = 10−3 for Algorithm 2. All the convex optimization
problems are solved via the well-known CVX toolbox for
Matlab software [43].

Additionally, a uniformly distributed clutter is assumed
with the parameters εn = ε = 0.19, χn = χ = 1.03,
and ρn = ρ = 0.52 by employing the clutter second-order
polarization statistics of the grass reported in [22]. As to the
clutter and noise power parameters σn and σ2

v , respectively,
they are determined by the Target-to-Noise Ratio (TNR) and
Clutter-to-Noise Ratio (CNR). The definitions of TNR and
CNR are given in Appendix C. Throughout the simulation,
we set TNR=5 dB and CNR=10 dB. Furthermore, the clutter
returns at different range bins share an exponentially-shaped
auto-correlation function

rjk(n, n′) = a
|n−n′|
jk , j, k ∈ {HH,HV, V V },

n, n′ ∈ {−N + 1, . . . ,M − 1}.
(40)

while for the special case j = HH, k = V V , we employ the
following exponentially-shaped auto-correlation function as

r13(n, n′) = ρa
|n−n′|
13 ,

n, n′ ∈ {−N + 1, . . . ,M − 1}.
(41)

Clearly, such model encompasses the special case of mutually
independent clutter returns from different range bins. This
simplified setup can be obtained setting aj,k = a = 0 in
Eq. (41). Throughout the simulations, unless otherwise explic-
itly stated, we assume in the foregoing analysis the presence
of such range-independent clutter (a = 0). As to the range-
correlative clutter case, we set a = a11 = a22 = a33 = 0.8
(with a13 = 0.65).

A. Monotonic Property of the Proposed Method and the
Similarity Constraint

Fig. 5 plots the worst-case SINR versus the number of
outer iterations, for different values of the similarity γ ∈
{0.10, 1.00} and clutter range-correlation a ∈ {0, 0.8}, with
a filter bank with length K = 8 available for the TAA
uncertainty set11. Precisely, the TAA belongs to an arbitrarily
chosen interval IT = [25.50◦, 27.10◦], and the corresponding
discrete TAAs θi, i = 1, . . . ,K, are obtained uniformly
sampling IT with a step size 0.20◦, namely θi = 25.50◦ +
0.10◦+0.20◦×(i−1), i = 1, . . . , 8, respectively. As expected,
the devised method monotonically increases the lowest SINR
at the output of the filter array. Moreover, as γ increases, the
optimized worst-case SINR value improves since the feasible
set of the optimization problem is enlarged. On the other hand,
it can be observed that, for the case of range-correlative clutter,
larger values of the worst SINR are obtained with respect
to the range-independent case. This is because, the higher
the clutter correlation the better the achievable interference
suppression. The results also highlight the effectiveness of
the proposed procedure to provide a significant performance
gain with respect to conventional receiver design, namely
m = 0. Finally, the lower the similarity parameter the faster
the convergence to the steady state.

B. The Effects of the TAA Uncertainty Sets and Receive Filter
Bank Size

The devised iterative algorithm relies on several design
parameters including the uncertainty set of the TAA variation,
and the number of branches (filters) in the bank. In this subsec-
tion, we assess the impact of the aforementioned parameters.

Firstly, concerning the impact of the TAA uncertainty inter-
val, the SINR values associated with all the filters are drawn in
Fig. 6(a-d) for a clutter correlation parameter a ∈ {0, 0.8} and
four different lengths of filter bank, i.e., K ∈ {8, 16, 32, 64},
respectively, with the discrete TAAs θi, i = 1, 2, . . . ,K, ob-
tained by uniformly sampling the TAA uncertainty interval IT
with a step 0.20◦. Thus, the TAA uncertainty intervals belong
to I(1)T = [25.50◦, 27.10◦], I(2)T = [25.50◦, 28.70◦], I(3)T =

11We underline that the same qualitative results have been observed when
other central azimuth angles, such as those considered in [42], are employed
in the plots.



10

0 10 20 30 40 50 60
14

15

16

17

18

19

20

21

22

23

iteration

T
he

 w
or

st
 S

IN
R

(d
B

)

 

 

γ=0.10, a=0.8
γ=0.10, a=0
γ=1.00, a=0.8
γ=1.00, a=0

Fig. 5: Optimized worst-case SINR behavior versus the num-
ber of outer iterations, for different values of the similarity
parameter γ ∈ {0.10, 1.00} and clutter correlation parameter
a ∈ {0, 0.8} corresponding to a filter bank size of K = 8 with
the TAA belonging to the interval IT = [25.50◦, 27.10◦].

[25.50◦, 29.40◦] ∪ [29.75◦, 32.20◦], I(4)T = [25.50◦, 29.40◦] ∪
[29.75◦, 33.65◦] ∪ [34.00◦, 37.90◦] ∪ [38.25◦, 39.20◦], respec-
tively. It is clear from the figures that the wider the uncertainty
set of the TAA the smaller the worst-case SINR. This is
reasonable as a wider IT implies a higher uncertainty on the
TIRM. In addition, inspection of Fig. 6 reveals that larger
values of the worst SINR are obtained in the presence of
range-correlative clutter than range-independent clutter. This
trend is not surprising and complies with analogous findings
of Fig. 5.

Secondly, we address the effects of the filter bank size K
on the system performance. As in [10], we define the quantity
SINRi(θ), 1 ≤ i ≤ K, as the output of the i-th filter due to
a target with the TAA θ, i.e.,

SINRi(θ) =
|αT |2|w†iT (θ)s|2

w†iΣc(s)wi + σ2
vw
†
iwi

, i = 1, . . . ,K. (42)

The TAA uncertainty interval belongs to IT =
[25.50◦, 27.10◦] and the discrete TAAs are chosen according
to the following rule

θi = 25.50◦ +
∆θ

2
+ (i− 1)∆θ, i = 1, . . . ,K, (43)

where ∆θ represents the spacing of the neighboring TAAs.
In this subsection, we consider three different filter bank sizes
K = 4, 8, 16, and the corresponding ∆θ as 0.4◦, 0.2◦ and 0.1◦,
respectively. Fig. 7(a) shows that SINRi(θ), i = 1, 2, 3, 4,
versus θ under the assumption K = 4. Additionally, the
metric SINRmax(θ) , max1≤i≤K SINRi(θ) is also plotted
in the figure. It can be observed that mismatches between the
nominal and the actual TIRM lead to a SINR loss. This is
due to the finite number of filters K within the bank and it is
usually referred to as "straddle loss". Hence, in Fig. 7(b), the
behavior of SINRmax(θ) versus θ is illustrated for K = 8 and
K = 16. As expected, the larger K the smaller the straddle
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Fig. 6: SINR values associated to filters within the
bank for both range correlative (red "�" markers)
and range-independent (blue "◦" markers) clutter
scenarios. TAA uncertainty belongs to the interval (a)
I(1)T = [25.50◦, 27.10◦], (b) I(2)T = [25.50◦, 28.70◦],
(c) I(3)T = [25.50◦, 29.40◦] ∪ [29.75◦, 32.20◦], (d)
I(4)T = [25.50◦, 29.40◦]∪ [29.75◦, 33.65◦]∪ [34.00◦, 37.90◦]∪
[38.25◦, 39.20◦].

loss. Fig. 7(c) provides a quantitative analysis of the straddle
loss L, which is defined as

L ,
SINR

min
θ∈IT

SINRmax(θ)
=

min
1≤i≤K

SINRi

min
θ∈IT

max
1≤i≤K

SINRi(θ)
. (44)

The plot therein shows that L monotonically decreases as K
increases.

Finally, we assess the influence of the straddle loss on
detection performance. We consider the detection probability
of the equivalent coherent detector sharing a Signal-to-Noise
Ratio (SNR) equal to the worst SINR of the devised filter
bank. The mentioned detection probability is referred to as
Pd,worst and, assuming a non-fluctuating target embedded in
Gaussian background, it is analytically given by [44]

Pd,worst = Q

(√
2SINR?,

√
−2 log(Pfa)

)
(45)

where SINR? = |αT |2 minθ∈IT SINRmax(θ) with |αT |2 se-
lected to control the target strength, Pfa denotes the prob-
ability of false alarm, and Q(·) is the generalized Marcum
Q function [45]. Fig. 7(d) shows Pd,worst versus αT , with
Pfa = 10−4. The curves confirm the intuition that increasing
the filter bank size K (with the TAA uncertainty set fixed) has
a positive impact on the detection performance.
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Fig. 7: System performance vs. filter bank size K: (a) SINRi

vs. θ for K = 4, (b) SINRmax vs. θ for K = 8 and K = 16,
(c) Straddle loss L vs. K, (d) Pd,worst vs. |αT |2 for different
values of K (Pfa = 10−4).

C. Performance Comparison with Other Methods

Several methods have been proposed in the open literature
to optimize the output SINR exploiting fully-polarimetric
transmit code and receive filter for the extended target under
(signal dependent) clutter background. In this subsection, we
choose the methods in [13] and [16] as the counterparts of
our approach to compare their performance12. We remark that,
differently from our filter bank design, the methods in [13, 16]
employ one filter and the optimally polarimetric waveform-
filter pair is computed based on nominal design, namely the
TIRM is assumed known (i.e. no mismatch). Moreover, the
methods in [13, 16] do not assume a similarity constraint,
so ambiguity function properties will not be ensured in both
cases. Besides, we also specify our robust design to work on
the single-polarimetric radar case13 (using only HH or VV
channel) to ascertain the potential improvement in terms of
SINR performance of a fully-polarimetric radar with respect
to the single-channel case.

Let the TAA uncertainty interval now be IT =
[25.50◦, 27.10◦]. Regarding to the proposed method and its
single-polarimetric (only HH or VV channel) counterparts, we
utilize the same experimental setup as in Sec. V-A, namely we
sample uniformly the TAA uncertainty interval with a step
size 0.20◦, thus resulting in a filter-bank size of K = 8.
Regarding to the fully-polarimetric one filter methods [13] and

12As stated in Sec. I, the algorithm in [16] can be applied to the polarimetric
radar case by simply setting the number of transmit and receive channels equal
to two.

13The algorithms in such simplified case are obtained considering a single-
polarimetric setup. Clearly in this setup no polarization-correlation parameter
needs to be specified.

[16], we set the nominal TAA to 26.20◦. Then Fig. 8(a) depicts
SINRmax(θ) for the aforementioned five methods. The curves
highlight that, although the robust approach achieves lower
SINR values compared to the matched SINR of the nominal
design (in correspondence of θ = 26.20◦, less than 1.07 dB
compared to method in [16]), it exhibits higher and flatter
SINR values over the entire TAA uncertainty set (with a gain
on the minimum SINR of 9.75 dB over [16]). This behavior
was expected, due to the basic idea behind the robust approach.
We also remark that, the method in [16] achieves slightly better
performance than that in [13], as already described in [16],
The reason is that the algorithm in [13] is not guaranteed
to converge to a stationary point. Moreover, the results reveal
that, the new proposed approach outperforms both HH and VV
channel single-polarimetric robust design in terms of worst-
case SINR. The same comparison is also shown in Fig. 8(b)
for the wider TAA uncertainty interval IT = [25.50◦, 28.70◦]
where the same step size as in Fig. 8(a) has been employed for
filter bank methods (thus resulting in K = 16) and the nominal
TAA for methods in [13] and [16] has been differently set to
27.00◦. Again, we can observe that the same conclusion can
be obtained, thus confirming the effectiveness of the proposed
method.

VI. CONCLUSIONS

Robust joint optimization of the transmit signal and receive
filter bank for the extended target and polarimetric radar
in the presence of signal-dependent and signal-independent
interference, has been considered. By assuming the TAA
unknown (within a given uncertainty set), the worst-case SINR
at the output of the filter bank has been employed as the
relevant figure of merit. Furthermore, a similarity constraint
has been enforced on the transmit code, in addition to the
energy constraint.

Owing to a suitable reformulation of the considered non-
convex design problem, an iterative optimization procedure
over the transmit signal and the receive filter bank has been
devised. It monotonically improves the worst-case SINR and
converges to a stationary point. Each iteration of the algorithm,
involves both a convex and a GFP problem which can be
globally solved via the generalized Dinkelbach’s procedure
with a polynomial computational complexity. The complexity
of the proposed method is linear with the number of outer
iterations whereas at each iteration, it mainly requires the
implementation effort of the Dinkelbach’s procedure, that
requires the solution of convex SOCP problems.

Several numerical examples have been provided to as-
sess the effectiveness of the proposed method in diverse
challenging experimental scenarios. The results have shown
the capability of the procedure to ensure high SINR values
regardless of the actual TAA, with significant SINR gains with
respect to the traditional approach adapting the receiver side
only. Moreover, the conducted analysis has also highlighted
the capability of the proposed framework to outperform some
related approaches, including the method in [13] and [16]
in terms of robustness, and also single-polarimeric robust
designs.
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Fig. 8: Comparison of the proposed method with single po-
larization filter bank designs (including only HH polarization
and only VV polarization cases), the methods in [13] and
[16], SINRmax vs. θ with TAA uncertainty interval: (a) IT =
[25.50◦, 27.10◦] (K = 8), (b) IT = [25.50◦, 28.70◦] (K =
16).

Possible future research tracks might concern the design
with tighter requirements in terms of imposed constraints,
namely enforcing separable energy and similarity constraints
for both polarization channels. Also, it might be of interest
to robustify the developed method to account for possible
inaccuracies about clutter/interference statistics.

APPENDIX

A. Proof of Thm. 3.1

Considering the code s as a fixed parameter, the denomi-
nator of (19) can be rewritten as

E
[
|w†Cs|2

]
+ E

[
|w†v|2

]
= w†E

[
Css†C†

]
w + w†E

[
v†v

]
w

= w†E
[
Css†C†

]
w + σ2

vw
†w

, w†
(
Σc (s) + σ2

vI
)
w

. (46)

B. Proof of Thm. 3.2

Since the energy constraint ‖s‖2 = 1 holds for P , we obtain

w†i
(
Σc (s) + σ2

vI
)
wi

= E
[
|w†iCs|2

]
+ σ2

vw
†
iwi||s||2

= s†E
[
C†wiw

†
iC
]
s + σ2

vw
†
iwis

†s

, s†
(
Σ̄c(wi) + σ2

v‖wi‖2I
)
s

. (47)

Then the explicit form of Σ̄c(wi) can be directly derived
based on (9).

C. TNR and CNR definitions

The TNR is defined as

TNR ,

∑Q−1
n=0 ‖T n(θ)‖2F
2×M × σ2

v

, (48)

while the CNR is

CNR ,
σ2
n ×

(∑M−1
n=0 tr [E[CnC

†
n]]|σn=1

)
2×M × σ2

v

. (49)

where tr [E[CnC
†
n]]|σn=1 means that the expectation is eval-

uated by setting σn = 1.
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