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Performance Analysis of Time-Reversal MUSIC
D. Ciuonzo, Member, IEEE, G. Romano, and R. Solimene

Abstract—In this paper we study the performance of multiple
signal classification (MUSIC) in computational time-reversal
(TR) applications. The analysis builds upon classical results on
first-order perturbation of singular value decomposition. The
closed form of mean-squared error (MSE) matrix of TR-MUSIC
is derived for the single-frequency case in both multistatic co-
located and non co-located scenarios. The proposed analysis
is compared with Cramér-Rao lower-bound (CRLB) and it
is exploited for comparison of TR-MUSIC when linear and
(non linear) multiple-scattering is present. Finally, a numerical
analysis is provided to confirm the theoretical findings.

Index Terms—Time-Reversal, radar imaging, TR-MUSIC,
CRLB, MSE matrix.

I. INTRODUCTION

T IME-REVERSAL (TR) techniques collect all those meth-
ods which exploit the invariance of wave equation (in

lossless and stationary media) after time reversing to provide
focusing on a scattering object or radiating source. This is
achieved by re-transmitting a time-reversed version of the
scattered/radiated field collected over an array of sensor and
can be achieved physically [2] or synthetically. In the latter
case (computational TR) the time-reversing procedure consists
in numerically back-propagating the field data by using a
known Green’s function representative of the host medium
within which propagation takes place [3].

Accordingly, synthetic-TR provides a powerful tool to
achieve target detection and localization and represents the
rationale upon which a lot of imaging procedures are founded
in different applicative contexts. Radar imaging [4], subsur-
face prospecting [5], through-the-wall imaging [6] and breast
cancer detection [7], [8], [9], [10] are only few examples of
TR-imaging successful application.

The key mathematical entity in TR-imaging is the so-called
multistatic data matrix (MDM), whose entries consist of the
scattered field due to each available Tx-Rx pair. In particular,
the decomposition of TR operator (DORT) method exploits
the spectrum of such a matrix so that imaging is obtained
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Figure 1. Illustration of the multistatic setup considered.

by back-propagating each single eigenvector belonging to the
so-called signal subspace. It has been shown that this allows
to selectively focus on each single scatterer if they are well-
resolved by the measurement array [11].

Classical approach considers only single-frequency data,
i.e., a space-space MDM. However, recent developments ex-
panded the method to frequency-space MDM, thus overcoming
problems related to incoherence in phase as a function of
frequency while implementing wide-band TR (or equiva-
lently time-domain TR). New frequency-synthesized version
of such methods have been recently presented in [12]. A
further variant of TR method can be found in [13] where a
frequency-frequency data matrix is exploited to build up the
imaging functional. Remarkably, this variant allows to deal
with cheaper systems, as multi-monostatic configurations are
allowed.

TR multiple signal classification (TR-MUSIC) offers a
complementary point of view as compared to DORT. Basically,
TR-MUSIC is a subspace projection method which (as DORT)
relies on the MDM spectrum. However, as opposed to DORT,
the orthogonal-subspace (orthogonal to the signal subspace)
also referred to as the noise subspace, is employed for imaging
purposes. In particular, as long as the data space dimension
exceeds the signal subspace dimension, TR-MUSIC works
well.

TR-MUSIC was first introduced for Born approximated
scattering (BA) (linear) model [14]. Then it was recognized
that it also works for multiple scattering (among the scatter-
ers) scenarios [15]. Hence, TR-MUSIC became very popular
because it is algorithmically efficient, does not require approx-
imate scattering models, and, more importantly, it achieves a
resolution that can be much finer than the diffraction limits.
This is particularly true for a scattering scene containing few
scatterers. Differently, when the scenario becomes crowded by
many scatterers, it has been shown that TR-MUSIC resolution
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ability deteriorates as the number of scatterers in a given
spatial region exceeds the corresponding degrees of freedom
associated to the same region [16]. TR-MUSIC theory has
been expanded to consider extended scatterers as well in [17].

Research activities on TR-methods tackled different scat-
tering scenario conditions. The case of lossy and dispersive
scenarios has been addressed in [18], whereas time-varying
host medium has been considered in [19]. More in general the
case of random host medium has been considered as well, and
it has been shown how TR-methods are statistically stable due
to the self-averaging property of wide-band TR procedure [20].
The case of complex scattering objects has been addressed in
[21] (see also references therein).

In this paper we are concerned with the study of the
performance achievable by TR-MUSIC in locating point-like
scatterers with additive noise matrix corrupting data.

A vast literature on the performance analysis of MUSIC
for direction-of-arrival (DOA) estimation exists [22]. The
development of MUSIC algorithm traces back to [23]. Perfor-
mance analysis in terms of resolution property was pioneered
by [24] for a simple scenario, while a detailed analysis of
MUSIC mean-squared error (MSE) can be found in the works
[25], [26], [27], [28]. Theoretical performance analysis was
later extended in order to account for array modeling errors
both in terms of MSE (through a first-order perturbation
approach) [29] and resolution [30]. The MSE/bias analysis
in the presence of modeling errors was then considered via a
second-order subspace perturbation approach in [31], while the
resolution capability of MUSIC was studied under the same
framework in [32]. Finally, a MSE/bias analysis, conditioned
on the resolution event, was recently introduced in [33].

It is worth noticing that such results cannot be directly
applied to TR-MUSIC because in TR framework scatter-
ers/sources are generally assumed to be deterministic and more
importantly a single snapshot is used, whereas DOA results for
MUSIC refer to multiple snapshots and are often developed
under asymptotic (i.e., a very large number of snapshots)
conditions. Unluckily, to the best of our knowledge, no such
corresponding theoretical results are present in the literature
for TR-MUSIC.

Yet, performance evaluation results have been reported for
maximum-likelihood estimator (MLE) and other sub-optimal
estimators for computational TR were presented in [34], both
for BA and Foldy-Lax (FL) (non linear) models. The additional
task of estimating scattering potential via a non-iterative
(approximate) formula is addressed in [15] for location-only
estimators. A theoretical study on performance, based on the
Cramér-Rao lower bound (CRLB), was presented in [35],
both for BA and FL models. Sensitivity analysis of several
computational TR techniques to non-matching assumptions is
studied in [36].

The main contributions of the present manuscript are sum-
marized as follows. We provide a theoretical performance
analysis of TR-MUSIC in terms of the MSE matrix of the
position estimates. The presented result is achieved via: (i)
a first-order approximation of position error vector and (ii)
a first-order perturbation of singular value decomposition
(SVD) [37]. The result is thus valid asymptotically (i.e. in

the high signal-to-noise regime). Both co-located and non
co-located multistatic (narrowband) setups with either BA or
FL scattering are considered in this paper. The presented
results complement those found in DOA literature [22] and
can be used to highlight the performance dependence of TR-
MUSIC on the scatterers and measurement configurations.
Some preliminary numerical examples for simple scattering
scenes are presented in order to validate the derived results.
To this end, the TR-MUSIC single-frequency space-space
formulation is considered in the framework of scalar scattering
scenarios for both two-dimensional and three-dimensional
geometries. In particular, it is shown that the CRLB, though
being representative of MLE asymptotic performance, does not
accurately predict TR-MUSIC performance, as opposed to the
proposed expression. The latter is further used to compare the
asymptotic MSE attainable under both BA and FL models.

The remainder of the manuscript is organized as follows:
Sec. II describes the system model and gives preliminaries on
SVD perturbation analysis. Sec. III presents the theoretical
performance analysis of TR-MUSIC algorithm whereas its
validation is shown in Sec. IV via numerical simulations.
Finally, conclusions are drawn in Sec. V. The paper contains
also different appendices where proofs and derivations of
intermediate results exploited in the manuscript are reported
for reader’s convenience.

Notation - Lower-case (resp. Upper-case) bold letters denote
column vectors (resp. matrices), with an (resp. an,m) being the
nth (resp. the (n,m)th) element of a (resp. A); ∇x{b(x)} ∈
CN and Hx{b(x)} ∈ CN×N denote the gradient and Hessian
operators of {b(x) : x ∈ RN → C}, while Jx{c(x)} ∈
CN×P is the Jacobian of {c(x) : x ∈ RN → CP };
E{·}, (·)t, (·)†, Tr [·], (·)− < (·), ∠(·), δ(·), ‖·‖F and ‖·‖
denote expectation, transpose, Hermitian, matrix trace, pseudo-
inverse, real part, phase, Kronecker delta, Frobenius norm and
`2 norm operators, respectively; the curled inequality symbol
� (and its strict form �) is used to denote generalized matrix
inequality: for any symmetric matrix A ∈ RN×N , A � 0
(resp. A � 0) means that A is a positive semidefinite (resp.
positive definite) matrix;ON×M (resp. IN ) denotes the N×M
null (resp. identity) matrix; 0N (resp. 1N ) denotes the null
(resp. ones) vector of length N ; diag(a) denotes the diagonal
matrix obtained from the vector a; x1:M denotes the vector
obtained by concatenation as x1:M ,

[
xt1 · · · xtM

]t
;

vec(M) stacks the first to the last columns of the matrix
M one under another to form a long vector; Σx denotes
the covariance matrix of the complex-valued random vector
x; NC(µ,Σ) denotes a proper complex Gaussian pdf with
mean vector µ and covariance matrix Σ; U(a, b) denotes a
continuous-valued uniform pdf with support [a, b]; finally the
symbol ∼ means “distributed as”.

II. SYSTEM MODEL

The system model is described as follows. We consider
localization of point-like scatterers with a multistatic setup,
as shown in Fig. 1. We assume that M point scatterers1 are

1The number of scatterers M is assumed to be known, as usually done in
array-processing literature [22].
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located at unknown positions {xk}Mk=1 in Rp with unknown
scattering potentials {τk}Mk=1 in C. The transmit array con-
sists of NT isotropic point elements located at the points
r̃i ∈ Rp, i ∈ ST , {1, . . . , NT }, while the receive array
is formed by NR point receivers located at positions r̄` ∈ Rp,
` ∈ SR , {1, . . . , NR}. The illuminators first send signals to
the probed scenario (in a known homogeneous background
with wavenumber κ) and the transducer array records the
received signals. The (single-frequency) measurement model
is then [34]:

Kn = K(x1:M , τ ) +W (1)
= GR(x1:M )M(x1:M , τ )GT (x1:M )t +W (2)

where K(x1:M , τ ) ∈ CNR×NT and Kn ∈ CNR×NT
denote the multistatic data matrix (MDM) in frequency-
domain and the measurement matrix, respectively. Further-
more, W ∈ CNR×NT is a noise matrix whose elements2

vec(W ) ∼ NC(0NTNR , σ
2
w INTNR). Additionally, we have

denoted: (i) the vector of scattering coefficients as τ ,[
τ1 · · · τM

]t ∈ CM ; (ii) the transmit and the receive
array matrices, as GT (x1:M ) ∈ CNT×M and GR(x1:M ) ∈
CNR×M , respectively. The latter are defined explicitly as:

GT (x1:M ) ,
[
gT (x1) gT (x2) · · · gT (xM )

]
; (3)

GR(x1:M ) ,
[
gR(x1) gR(x2) · · · gR(xM )

]
. (4)

In Eq. (3), gT (x) ∈ CNT denotes the transmit Green’s
function vector as a function of the arbitrary location x ∈ Rp,
that is:

gT (x) ,
[
G(r̃1,x) G(r̃2,x) · · · G(r̃NT ,x)

]t
. (5)

On the other hand, in Eq. (3), gR(x) ∈ CNR denotes the
receive Green’s function vector as a function of x, namely:

gR(x) ,
[
G(r̄1,x) G(r̄2,x) · · · G(r̄NR ,x)

]t
. (6)

It is worth noticing that the functional dependence of Eqs. (5)
and (6) is only due to G(x′,x), which denotes the relevant
(scalar) background Green function [14]. Finally, in Eq. (2) the
matrix M(x1:M , τ ) ∈ CM×M for BA model [14] is defined
as

M(x1:M , τ ) , T (τ ) = diag(τ ), (7)

while in the case of FL model we have [35]

M(x1:M , τ ) ,
[
T−1(τ )− S(x1:M )

]−1
, (8)

where the (m,n)th element of S(x1:M ) is defined as follows:

sm,n(x1:M ) ,

{
G(xm,xn) m 6= n

0 m = n
. (9)

Our performance analysis of TR-MUSIC is general and will
consider both models in Eqs. (7) and (8).

2It is worth noticing that the MSE expressions obtained hereinafter will
only depend on the second-order moments of the noise. Hence identical results
apply in the case of different noise pdfs [37].

A. TR-MUSIC

Co-located scenario: In the co-located setup we have
NT = NR = N , GT (x1:M ) = GR(x1:M ) = G(x1:M ) and
gT (x) = gR(x) = g(x). In this case, TR-MUSIC requires
the evaluation of the following spatial spectrum [14]

P(x, Ũn) ,
∥∥∥Ũ †n g(x)

∥∥∥2

= g(x)† P̃n g(x), (10)

where Ũn ∈ CN×(N−M) is the matrix of left singular vectors
of Kn associated to the noise subspace and P̃n , (ŨnŨ

†
n)

(i.e. the “noisy” projector into the left noise subspace). It can
be shown that Eq. (10) equals zero when x equals the true
scatterers locations {xk}Mk=1 in the noise-free case (i.e. when
Ũn = Un, the latter being the eigenvector matrix associated
to the left noise subspace of K(x1:M , τ )) and thus the M
largest local maxima of P(x, Ũn)−1 are generally chosen as
the estimated positions {x̂k}Mk=1 [14].

Non co-located scenario: In the non co-located setup, sev-
eral TR-MUSIC variants have been proposed in the literature
[15]. A first approach consists in using the so-called Rx mode
TR-MUSIC. In this case the evaluated spatial spectrum (under
the assumption M < NR) is:

PR(x, Ũn) ,
∥∥∥Ũ †n gR(x)

∥∥∥2

= gR(x)† P̃R,n gR(x) (11)

where Ũn ∈ CNR×(NR−M) is the matrix of left singu-
lar vectors of Kn associated to the noise subspace and
P̃R,n , (ŨnŨ

†
n) (i.e. the “noisy” projector into the left noise

subspace). A second (dual) approach, denoted as Tx mode TR-
MUSIC, constructs the following spatial spectrum (under the
assumption M < NT ):

PT (x, Ṽn) ,
∥∥∥Ṽ †n g∗T (x)

∥∥∥2

= gT (x)t P̃T,n g
∗
T (x) (12)

where Ṽn ∈ CNT×(NT−M) is the matrix of right singu-
lar vectors of Kn associated to the noise subspace and
P̃T,n , (VnV

†
n ) (i.e. the “noisy” projector into the right

noise subspace). Finally, a combined version of the mentioned
versions, denoted as Tx+Rx TR-MUSIC, can be built as (under
the assumption M < min{NT , NR}) [15]:

PTR(x; Ũn, Ṽn) , PT (x, Ṽn) + PR(x, Ũn). (13)

Similarly as for the co-located setup, the M largest local max-
ima of PR(x, Ũn)−1, PT (x, Ṽn)−1 and PTR(x; Ũn, Ṽn)−1

are chosen as the estimated positions {x̂k}Mk=1.

B. Preliminaries on SVD Perturbation

In this sub-section we give preliminaries on first-order SVD
perturbation, following [37], [38]. First, we consider a rank de-
ficient matrix A ∈ CR×T with rank equal to δ < min{R, T}.
It can be easily shown that its SVD A = U ΣV † can be
rewritten as:

A =
(
Us Un

)( Σs Oδ×δ̌
Oδ̄×δ Oδ̄×δ̌

)(
V †s
V †n

)
, (14)

where δ̄ , (R − δ) and δ̌ , (T − δ), respectively. Addi-
tionally, Us ∈ CR×δ and Vs ∈ CT×δ (resp. Un ∈ CR×δ̄
and Vn ∈ CT×δ̌) have been used to denote the unitary
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bases of the left and right signal subspaces (resp. orthogonal
subspaces) in Eq. (14). Secondly, we take the perturbed matrix
Ã = (A + N), where N represents a perturbing matrix.
Similarly as in Eq. (14), the SVD of Ã = ŨΣ̃Ṽ † is rewritten
as

Ã =
(
Ũs Ũn

)( Σ̃s Oδ×δ̌
Oδ̄×δ Σ̃n

)(
Ṽ †s
Ṽ †n

)
(15)

which underlines the effect ofN on the spectral representation
of Ã. Indeed we notice that, as opposed to Eq. (14), Ã may
be full-rank in general. Furthermore, Eq. (15) underlines the
modification of the left and right principal directions due to
N . This can be stressed as:

Ũs = Us + ∆Us, Ũn = Un + ∆Un, (16)
Ṽs = Vs + ∆Vs, Ṽn = Vn + ∆Vn, (17)

where ∆(·) terms in Eqs. (16) and (17) are in general compli-
cated functions of N . However, when N has a “small magni-
tude” (its meaning will be clarified hereinafter) in comparison
to A, a first-order perturbation (i.e. ∆(·) are approximated
as linear functions of N ), originally proposed in [39] and
successively applied in [27], [37], will be accurate. Clearly, a
small perturbation is typically observed in the high signal-
to-noise ratio (SNR) regime. Based on these reasons, the
following lemma will be used to build our analysis.

Lemma 1. The perturbed orthogonal left subspace Ũn (resp.
right subspace Ṽn) is spanned by Un + UsB (resp. Vn +
VsB̄) and the perturbed signal left subspace Ũs (resp. right
subspace Ṽs) is spanned by Us + UnC (resp. Vs + VnC̄),
where C and B (resp. C̄ and B̄) are matrices whose norms
are of the order of the norm of N , which can be any sub-
multiplicative one such as the `2 or the Frobenius norms.

The explicit expressions for ∆Un and ∆Vn, valid up to
the first order, are:

∆Un = UsB = −Us Σ−1
s V †s N

†Un; (18)
∆Vn = Vs B̄ = −Vs Σ−1

s U †s N Vn. (19)

Correspondingly, C = −B† and C̄ = −B̄† hold, thus giving:

∆Us = UnC = PR,nN Vs Σ−1
s ; (20)

∆Vs = Vn C̄ = PT,nN
†Us Σ−1

s . (21)

In Eqs. (20) and (21) we have defined PR,n , UnU
†
n and

PT,n , VnV
†
n , respectively. Furthermore, we notice that in

obtaining Eqs. (18-21), “in-space” perturbation terms (e.g.
the contribution to ∆Us depending on Us), which have
been shown to be linear with N (and thus not negligible at
first-order), are not considered. The reason is that these do
not affect performance analysis of subspace-based estimation
methods (since the corresponding subspace projector is not
altered), which (TR-)MUSIC belongs to [40].

III. PERFORMANCE ANALYSIS

A. Co-located scenario

Here we generalize the classical steps used for MUSIC
performance analysis in DOA estimation [27], [37] to our

model. It is known that, for true scatterers location, we have:

P(xk,Un) = 0, k ∈ {1, . . . ,M} (22)

However, due to the perturbing matrixW , TR-MUSIC obtains
an imperfect estimate x̂k = (xk+∆xk). We first use a (first-
order) Taylor-series expansion of ∇x{P(x, Ũn)}) around xk
to approximate ∆xk as:

∆xk ≈ − (Hx{P(x, Ũn)}−1∇x{P(x, Ũn)})
∣∣∣
x=xk

(23)

For notational simplicity we denote n(x, Ũn) ,
−∇x{P(x, Ũn)} and D(x, Ũn) , Hx{P(x, Ũn)}.
Secondly, we show that n(x,Un) can be expressed as

n(x,Un) = −∇x{g(x)†Pn g(x)} (24)

= −Jx{g(x)}†Pn g(x)− Jx{g(x)}tP ∗n g(x)∗ (25)

= −2<
{
Jx{g(x)}†Pn g(x)

}
(26)

which holds independently on Un. The terms n(xk, Ũn) and
D(xk, Ũn) can be expressed as:

n(xk, Ũn) = n(xk,Un) + ∆n , n+ ∆n (27)
D(xk, Ũn) = D(xk,Un) + ∆D ,D + ∆D (28)

In the above equations the perturbations ∆n and ∆D are
both linear functions of ∆Un when a first-order approximation
is considered. Using the orthogonality property U †n g(xk) =
0(N−M), we have n(xk,Un) = n = 0p. Hence, ∆xk can be
further approximated as follows:

∆xk = (D(xk,Un) + ∆D)
−1

∆n (29)

= (D + ∆D)
−1

∆n =
(
I +D−1∆D

)−1
D−1∆n (30)

=

+∞∑
k=0

(
−D−1∆D

)k (
D−1∆n

)
≈D−1∆n (31)

where in Eq. (30) we have used the Neumann series [41] and
in Eq. (31) we retained only the first-order term. A sufficient
condition for invertibility3 of matrix D is shown to be (N −
M) ≥ p in Appendix B, along with a detailed discussion on
its structural properties. The vector ∆n can be evaluated from
the closed form of n(xk, Ũn) given in Eq. (26):

n(xk, Ũn) = −2<{J†k(ŨnŨ
†
n)g(xk)} = (32)

−2<
{
J†k UnU

†
n g(xk) + J†k∆Un(∆Un)†g(xk)+

J†kUn(∆Un)†g(xk) + J†k∆UnU
†
n g(xk)

}
(33)

where we have used the short-hand notation Jk ,
Jx{g(x)}|x=xk

. It is apparent from Eq. (33) that both first

3We remark that lack of invertibility of D corresponds to analogous
degenerate scenarios when applying the classic MSE analysis for MUSIC
in DOA estimation. Thus the assumptions in the present study do not
impose additional limitations with respect to those for MSE analysis of
MUSIC-based DOA estimation [27]. Indeed, in the aforementioned case,
analogous rationale leads to the following expression for the first order
approximation of angle-of-arrival estimation error ∆θk , (θ̂k − θk), that is
∆θk ≈ −

∂P(θ,Ũn)
∂θ /∂

2P(θ,Ũn)

∂θ2

∣∣∣
θ=θk

≈ ∆N
D

, where the scalar D ∈ R

equals D , ∂2P(θ,Un)

∂θ2

∣∣∣
θ=θk

= 2<{ ∂g(θ)†

∂θ

∣∣∣∣
θ=θk

Pn
∂g(θ)
∂θ

∣∣∣
θ=θk

}.

Therefore, similarly as in our analysis, a first-order approximation cannot be
applied when the second derivative of the pseudo-spectrum is null at θ = θk .
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and last terms are zero since U †n g(xk) = 0(N−M), while the
second term is quadratic in ∆Un and thus can be discarded
in a first-order analysis. Thus, Eq. (33) is approximated by:

n(xk, Ũn) ≈ −2<{J†kUn(∆Un)†g(xk)} (34)

From direct comparison of Eqs. (27) and (34), we obtain:

∆n = −2<{J†kUn(∆Un)†g(xk)}. (35)

We now focus on the explicit form of D = D(xk,Un), which
is found as:

D = D(xk,Un) = Hx{P(x,Un)}|x=xk
(36)

= Hx{g(x)†Pn g(x)}
∣∣
x=xk

= 2<{J†k Pn Jk} (37)

where the last equality is proved in Appendix A. Hence, in
view of Eqs. (31), (35) and (37), we obtain:

∆xk ≈ −<{J†k Pn Jk}
−1 <{J†kUn(∆Un)†g(xk)} (38)

Now we substitute Eq. (18) in Eq. (38), thus leading to:

∆xk ≈ <{J†k Pn Jk}
−1<{J†k PnW K−(x1:M , τ ) g(xk)}

(39)

where we have exploited K−(x1:M , τ ) = (Vs Σ−1
s U

†
s ) .

Aiming at notational simplicity, we further define αk ,
K−(x1:M , τ ) g(xk), Bk , P †n Jk and Γk , <{J†k Pn Jk},
which allow us to rewrite Eq. (39) as:

∆xk ≈ Γ−1
k <

{
B†kW αk

}
(40)

Since the first-order perturbation ∆xk is linear in the noise
matrix W , it follows immediately4 E{∆xk} ≈ 0p. Then the
covariance matrix of ∆xk equals the MSE matrix of x̂k (i.e.
the estimated position of kth target is unbiased at high-SNR).

We can now turn our attention to the explicit (approximate)
evaluation of Σ∆xk = E{∆xk∆xtk}. It is shown in Ap-
pendix C that its closed form expression is given by:

Σ∆xk ≈ 1

2
σ2
w ‖αk‖

2
Γ−1
k <{B

†
kBk}

(
Γ−1
k

)t
(41)

Further simplifications, exploiting analogous steps as in [37],
are obtained as follows. First we notice that <{B†kBk} = Γk
(since Pn = Pn

† = Pn
2) and Γk = Γ†k. Secondly, we use

the definition αk = K−(x1:M , τ )g(xk). Finally, combining
these results, leads to a refined expression for Eq. (41):

Σ∆xk ≈
σ2
w

2

∥∥K−(x1:M , τ ) g(xk)
∥∥2 <{J†k Pn Jk}

−1

(42)

B. Non co-located scenario (separate modes)
In the case of either Rx or Tx mode TR-MUSIC, we can

readily exploit results in Sec. III-A. In fact, it can be shown
that Eq. (23) specializes to

∆xR,k ≈ − (Hx{PR(x, Ũn)}−1∇x{PR(x, Ũn)})
∣∣∣
x=xk

∆xT,k ≈ − (Hx{PT (x, Ṽn)}−1∇x{PT (x, Ṽn)})
∣∣∣
x=xk

(43)

4Indeed Bk = P †
n Jk is actually a deterministic matrix (and thus can be

put outside the expectation), since Pn denotes the orthogonal projector of the
noise-free (i.e. independent on W ) MDM, that is K(x1:M , τ ).

for Rx and Tx mode spatial spectrums, respectively. Sim-
ilarly, for the sake of brevity we denote nR(x, Ũn) ,
−∇x{PR(x, Ũn)}, nT (x, Ṽn) , −∇x{PT (x, Ṽn)},
DR(x, Ũn) , Hx{PR(x, Ũn)} and DT (x, Ṽn) ,
Hx{PT (x, Ṽn)}. Therefore, Eq. (26) generalizes to

nR(xk, Ũn) = −2<{J†R,k(ŨnŨ
†
n) gR(xk)}, (44)

nT (xk, Ṽn) = −2<{J tT,k(ṼnṼ
†
n ) gT (xk)∗}, (45)

where we have defined JR,k , Jx{gR(x)}|x=xk
and JT,k ,

Jx{gT (x)}|x=xk
. The first-order approximations for ∆xR,k

and ∆xT,k are given similarly as5:

∆xR,k ≈ D−1
R ∆nR (46)

∆xT,k ≈ D−1
T ∆nT (47)

where DR , 2<{J†R,k PR,n JR,k} and DT ,
2<{J tT,k PT,n J∗T,k}, respectively. Also, the closed form
expressions for ∆nR and ∆nT are given by:

∆nR = −2<{J†R,kUn(∆Un)†gR(xk)}; (48)

∆nT = −2<{J tT,kVn(∆Vn)†gT (xk)∗}. (49)

Finally, after giving the following definitions for ease of
notation

αR,k ,K−(x1:M , τ ) gR(xk), BR,k , P †R,nJR,k,

αT,k ,
(
K−(x1:M , τ )

)†
gT (xk)∗, BT,k , P †T,nJ

∗
T,k,

ΓR,k , <{J†R,k PR,n JR,k}, ΓT,k , <{J tT,k PT,n J∗T,k},
(50)

and putting all together, we get:

∆xR,k ≈ Γ−1
T,k <

{
B†T,kW

†αT,k

}
; (51)

∆xT,k ≈ Γ−1
R,k <

{
B†R,kW αR,k

}
. (52)

Similarly to the co-located case, both ∆xR,k and ∆xT,k are
linear functions of W , thus E{∆xR,k} = E{∆xT,k} ≈ 0p;
hence also in this setup the covariance matrix of ∆xR,k (resp.
∆xT,k) equals the MSE matrix of x̂R,k (resp. x̂T,k), that is,
the estimated position of kth target is unbiased at high-SNR.

By means of similar steps as in Appendix C, we analogously
obtain the closed form expressions for the MSE matrix of Rx
and Tx modes TR-MUSIC (cf. Eqs. (11) and (12)):

Σ∆xR,k ≈
1

2
σ2
w ‖αR,k‖

2
Γ−1
R,k <{B

†
R,kBR,k}

(
Γ−1
R,k

)t
(53)

Σ∆xT,k ≈
1

2
σ2
w ‖αT,k‖

2
Γ−1
T,k <{B

†
T,kBT,k}

(
Γ−1
T,k

)t
(54)

Similar considerations as in the co-located case lead to the
corresponding refined expressions:

Σ∆xR,k ≈
σ2
w

2

∥∥K−(x1:M , τ ) gR(xk)
∥∥2 <{J†R,k PR,n JR,k}

−1

(55)

Σ∆xT,k ≈
σ2
w

2

∥∥∥(K−(x1:M , τ )
)†
g∗T (xk)

∥∥∥2

<{J tT,k PT,n J∗T,k}−1

(56)

5Analogous considerations as the co-located scenario apply to invertibility
of matrices DR and DT , respectively.
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C. Non co-located scenario (Tx/Rx spectrum)
Analogously to the previous sections, we need to

evaluate DTR(x, Ũn, Ṽn) , Hx{PTR(x, Ũn, Ṽn)} and
nTR(x, Ũn, Ṽn) , −∇x{PTR(x, Ũn, Ṽn)}. First, it can be
easily shown that:

nTR(x, Ũn, Ṽn) = nR(x, Ũn) + nT (x, Ṽn); (57)
DTR(x, Ũn, Ṽn) = DR(x, Ũn) +DT (x, Ṽn). (58)

Thus Eq. (57) is exploited to observe that at first-order:

nTR(x, Ũn, Ṽn) ≈∆nR + ∆nT , (59)

where ∆nR and ∆nT are given as in Eqs. (48) and (49).
Also, by exploiting Eq. (58), we obtain:

DTR ,DTR(xk,Un,Vn) = DR +DT . (60)

From similar considerations, perturbing noise matrix W leads
to x̂TR,k = (xk + ∆xTR,k), where ∆xTR,k is approximated
at the first order as

∆xTR,k ≈ (DR +DT )−1 (∆nR + ∆nT ) , (61)

and it can be expressed explicitly as:

∆xTR,k ≈ Γ−1
TR,k <{B

†
T,kW

†αT,k + B†R,kW αR,k};
(62)

where we have denoted ΓTR,k , (ΓT,k + ΓR,k). First it is
apparent that E{∆xTR,k} ≈ 0p; this is somewhat expected
since any linear combination of two unbiased estimators is still
unbiased [42]. Consequently, the MSE matrix of x̂TR,k can
be evaluated as the covariance matrix of ∆xTR,k.

Finally, as reported in Appendix D, we obtain the closed
form expression for the MSE matrix for the Tx/Rx TR-
MUSIC, shown in Eq. (63) at the top of the next page. It
is worth remarking that the covariance matrix is not simply
given the sum of the corresponding contributions of Tx and
Rx modes, since they are correlated (actually the “perturbing”
matrix W is the same for both of them).

D. {Jk, JT,k,JR,k} in homogeneous 2-D/3-D background
Since the obtained MSE matrix expression requires the

closed form for Jk = Jx{g(x)}|x=xk
in a co-located scenario

(resp. JR,k and JT,k in a non co-located setup), hereinafter
we derive its explicit form for the case of 2-D/3-D propagation
in a homogeneous background. Such a result will be used in
Sec. IV; in 2-D scenario G(x′,x) = H

(1)
0 (κ ‖x′ − x‖) (we

discard the irrelevant constant term j
4 ), where H

(1)
n (·) and

κ = 2π
λ denote the nth order Hankel function of the first kind

and the wavenumber (λ is the wavelength), respectively. On

the other hand, in 3-D scenario G(x
′
,x) =

exp(jκ‖x′−x‖)
‖x′−x‖

holds (we drop the irrelevant constant term 1
4π ).

We simply notice that the ith row of each of the consid-
ered matrices equals ∇x{G(qi,x)}t, thus (here qi denotes a
generic fixed point in 2-D/3-D space, in our case the position
of a Tx/Rx array element)

∇x{G(qi,x)} = ∇x

{
H

(1)
0 (κ ‖qi − x‖)

}
(64)

= κH
(1)
1 (κ ‖qi − x‖)

(qi − x)

‖qi − x‖
(65)

for 2-D case, where in Eq. (65) we have exploited the
recursions in Hankel functions derivatives [43]. Differently,
for 3-D case we obtain:

∇x{G(qi,x)} = ∇x

{
exp(jκ ‖qi − x‖)
‖qi − x‖

}
(66)

= exp(jκ ‖qi − x‖) (1− jκ ‖qi − x‖)
(qi − x)

‖qi − x‖3
(67)

E. BA vs FL models - MSE gain

Here we will focus on the co-located setup in order to
keep simplicity of our theoretical analysis. We will compare
theoretical (high-SNR) performance of TR-MUSIC with BA
and FL models. It was shown in [35] that FL scattering
improves performance with respect to BA model, through
a CRLB-based comparison. However, as we will show in
Sec. IV, the CRLB is only representative of MLE performance,
the latter being unfeasible (in terms of complexity) from a
practical point of view. Therefore it is of interest to assess the
relative performance (via high-SNR MSE expression obtained
in Eq. (42)) attained by TR-MUSIC under both BA and FL
models.

Hence, we start from Eq. (42) and more specifically we: (i)
consider the trace of the covariance (MSE) matrix of x̂k, (ii)
evaluate the closed form expressions under both the models
and (iii) analyze their ratio. In order to accomplish this task,
we first define6:

γmse
k ,

Tr [Σ∆xk,f ]

Tr [Σ∆xk,b]
=

∥∥∥K−
f (x1:M , τ ) g(xk)

∥∥∥2

∥∥∥K−
b (x1:M , τ ) g(xk)

∥∥∥2 (68)

where the subscripts “f” and “b” refer to the corresponding
quantities under FL and BA models, respectively. Last equality
in Eq. (68) is obtained observing that Pn is the same under
both the considered models. Then, after some manipulations,
we can express γmse

k as:

γmse
k =

g(xk)† [Us,f Σ−1
s,f V

†
s,f Vs,f Σ−1

s,fU
†
s,f ] g(xk)

g(xk)† [Us,b Σ−1
s,bV

†
s,b Vs,b Σ−1

s,bU
†
s,b] g(xk)

(69)

=
g(xk)† [Us,f Σ−2

s,f U
†
s,f ] g(xk)

g(xk)† [Us,b Σ−2
s,bU

†
s,b] g(xk)

(70)

=

∑M
m=1 λ

−1
f,m

∥∥∥u†s,f,m g(xk)
∥∥∥2

∑M
m=1 λ

−1
b,m

∥∥∥u†s,b,m g(xk)
∥∥∥2 (71)

where Kb(x1:M , τ ) = (Us,bΣs,bV
†
s,b) and Kf(x1:M , τ ) =

(Us,fΣs,fV
†
s,f) are the SVDs of MDM with BA and FL

models, respectively. Also, in Eq. (70) we exploited the
unitarity property (V †s,bVs,b) = (V †s,fVs,f) = IM . Finally, in
Eq. (71) we denoted λb,m and us,b,m (resp. λf,m and us,f,m)
as the mth eigenvalue of the TR operator (Kb)†Kb (resp.
(Kf)

†Kf ) [14] and the mth column of Us,b (resp. Us,f ), re-
spectively. We will show in Sec. IV that the theoretical results
agree with [44] and are, only at first glance in contraposition

6Hereinafter, for the sake of simplicity, we will consider Eq. (42) holding
with equality since we are in a high-SNR regime.
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Σ∆xTR,k ≈
σ2
w

2
Γ−1
TR,k (‖αR,k‖2 ΓR,k + ‖αT,k‖2 ΓT,k + <{B†T,k αR,k α

t
T,k B

∗
R,k + B†R,k αT,k α

t
R,k B

∗
T,k}) (Γ−1

TR,k)t (63)

with those given in [35], in terms of CRLB of localization
parameters.

IV. NUMERICAL RESULTS

In this section we confirm our theoretical findings through
simulations. First, we define SNR , ‖K(x1:M )‖2F

NT NR σ2
w

and we con-
sider a setup where λ = 1 (thus κ = 2π) and λ

2 -spaced
Tx/Rx arrays are employed. Secondly, to quantify the level
of multiple scattering (analogously as in [15]) we define the

index η ,
‖Kf (x1:M ,τ )−Kb(x1:M ,τ )‖

F

‖Kb(x1:M ,τ )‖F
where Kb(x1:M , τ )

and Kf(x1:M , τ ) denote the MDM generated according to
Eqs. (7) and (8), respectively. For the sake of simplicity, our
examples consider M = 2 targets in the area of interest. When
not otherwise specified, we assume that the targets are located
at x1 =

[
−1 −6

]t
and x2 =

[
+1 −6

]t
and have

scattering coefficients τ =
[

3 4
]t

.
Co-located setup - simulated vs. theoretical MSE: we first

consider a multistatic experiment with a co-located Tx/Rx
array of N = 11 elements, as shown in Fig. 2; in this
case we have η = (0.8232). Fig. 3 plots the MSE (i.e.
Tr[E{‖x̂k − xk‖2}]) of each target vs. SNR (in dB) when
either TR-MUSIC (cf. Eq. (10)) or MLE [34] is adopted7

(dashed lines). Correspondingly, theoretical MSE of TR-
MUSIC (obtained via Eq. (42)) and CRLB8 are both reported
in solid lines. Results for both BA and FL models are given.
First, it is apparent that Monte Carlo (MC) based TR-MUSIC
performance approach theoretical ones as the SNR grows, thus
confirming our theoretical analysis. Secondly, MLE rapidly
approaches the CRLB, as predicted from the theory [42].
However, it is worth noticing how theoretical MSE predicted
for TR-MUSIC differs significantly from CRLB, thus moti-
vating the need of the presented results for a (meaningful)
TR-MUSIC theoretical performance evaluation. Interestingly,
TR-MUSIC performance does not achieve the CRLB even
in the case of a DWBA model, which can be seen as the
deterministic analogous of a diagonal covariance matrix for
MUSIC applied to DOA estimation [22]; this underlines the
significant difference of the present setup with respect to MU-
SIC performance assessment in DOA estimation. Furthermore,
for this particular experiment, TR-MUSIC (high-SNR) MSE
of each target under BA model is significantly lower than that
under FL scattering, thus disagreeing with the CRLB. Such a
result may seem counter-intuitive at first glance; however this
is explained since TR-MUSIC is a sub-optimal estimator (thus
it does not asymptotically achieve the CRLB as the MLE) and
additionally it does not exploit FL model peculiarities (cf. Eqs.
(8-10)).

7Simulated performances are based on 5 · 103 Monte Carlo runs.
8The closed form of CRLB for BA and FL models is omitted here for the

sake of brevity and can be found in [35].
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Figure 2. Geometry for the considered imaging problem in 2-D space; co-
located setup.
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Figure 3. Co-located 2-D case: MSE vs. SNR; theoretical (CRLB and TR-
MUSIC (obtained via Eq. (42)), in solid lines) vs. simulated (MC-based MLE
and TR-MUSIC, in dashed lines) performance.

Non co-located setup - simulated vs. theoretical MSE:
Differently, in Fig. 4 we consider a non co-located experiment
where Tx and Rx arrays are composed of NT = 11 and NR =
17 elements, respectively; this setup leads to η = (0.7445).

Fig. 5 shows MSE vs. SNR (in dB) of each target (with both
BA and FL models). More specifically, we report the MSE
of Rx mode and Tx mode variants of TR-MUSIC (cf. Eqs.
(11-12)). Similarly to the co-located case, Rx mode (resp. Tx
mode) TR-MUSIC MSE, based on MC simulations (dashed
lines), approaches the theoretical counterpart (solid lines)
obtained via Eq. (55) (resp. Eq. (56)), as the SNR increases.
For sake of comparison, we also report the MSE obtained
via MLE and CRLB (dashed vs. solid lines, respectively,
almost entirely overlapping). It is apparent that, as opposed
to the CRLB (which we recall is only representative of MLE
performance), MSE of TR-MUSIC (for both targets) degrades
in the case of FL scattering with respect to BA model. Finally,
MSE of both TR-MUSIC variants is significantly worse than
MLE\CRLB (especially in the case of Tx mode TR-MUSIC,
because of the particular setup considered, see Fig. 4), which
thus cannot predict (with a reasonable accuracy) their high-
SNR performance.

On the other hand, in Fig. 6 we compare MSE of Tx/Rx
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Figure 4. Geometry for the considered imaging problem in 2-D space; non
co-located setup.
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Figure 5. Non co-located 2-D case: MSE vs. SNR; theoretical (CRLB and
Rx/Tx mode TR-MUSIC (obtained via Eqs. (55-56)), in solid lines) vs.
simulated (MC-based MLE and Rx/Tx mode TR-MUSIC, in dashed lines)
performance.

mode TR-MUSIC, obtained via MC simulations (dashed
lines), with corresponding theoretical results (solid lines) ob-
tained through Eq. (63). Also in this case, for the sake of a
clear comparison, performance of MLE and CRLB (dashed vs.
solid lines, respectively) are reported. First, it is apparent that
also in this case MC-based curves approach theoretical ones.
Secondly, the use of (combined) Tx/Rx mode TR-MUSIC
leads to reduced performance loss with respect to CRLB;
nonetheless the theoretical MSE disagreement is still relevant.
More importantly (and similarly to the results observed in the
co-located setup), performance degradation of Tx/Rx mode
TR-MUSIC when moving from BA to FL scattering is in
strong contraposition with MLE (and consequently CRLB)
performance. For illustrative purposes, we define the normal-
ized average9 pseudo-spectrum %ndB

TR (x), that is

%ndB
TR (x) , 10 log10

[
%TR(x)

maxx %TR(x)

]
, (72)

where %TR(x) , EW {PTR(x; Ũn, Ṽn)−1}. In Fig. 7 we
report %ndB

TR (x) of Tx+Rx TR-MUSIC (with FL scattering)
when SNR (dB) ∈ {10, 20}; it is apparent that a non-
negligible spurious peak is present (due to the noise effect
on SVD), which is however attenuated as the SNR grows.

Sub-wavelength setup - simulated vs. theoretical MSE: An
analogous non co-located setup is shown in Fig. 8, where on
the other hand, we have set x1 =

[
−3/8 −6

]t
, x2 =

9The normalized pseudospectrum is averaged over 100 MC runs.
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Figure 6. Non co-located 2-D case: MSE vs. SNR; theoretical (CRLB and
Tx+Rx TR-MUSIC (obtained via Eq. (63)), in solid lines) vs. simulated (MC-
based MLE and Tx+Rx TR-MUSIC, in dashed lines) performance.
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Figure 8. Sub-wavelength experiment - non co-located 2-D case: MSE vs.
SNR; theoretical (CRLB and Tx+Rx TR-MUSIC (obtained via Eq. (63)), in
solid lines) vs. simulated (MC-based Tx+Rx TR-MUSIC, in dashed lines)
performance.

[
+3/8 −6

]t
and τ =

[
3 5

]t
(thus η = (1.2842)),

thus leading to a sub-wavelength experiment (i.e. the distance
between the scatterers is 3

4λ). Due to computational issues,
we do not report MLE performance and also we concentrate
only on Tx+Rx TR-MUSIC. However, it is apparent a similar
behaviour as in the previous experiments. However, since the
scatterers are nearer, their relevant signatures will be very
similar and thus a lower level of noise is sufficient to degrade
TR-MUSIC performance. Then, consequently, a higher SNR
level is needed for the proposed analysis to apply. For the sake
of completeness, we also report a squared bias analysis (i.e.
Tr [E{∆xk}E{∆xk}t]) vs. the SNR in Fig. 9, which shows
that TR-MUSIC achieves asymptotic unbiasedness.

3D Localization - non co-located simulated vs. theoretical
MSE: Differently, in Fig. 12 we show similar performance
curves for a non co-located setup for 3-D localization, where
we have set x1 =

[
1 −4 1

]t
and x2 =

[
2 −3 4

]t
(thus

η = (0.7497)). In this experiment the half-wavelength space
Tx/Rx arrays are displaced as in Fig. 10 (i.e. in a “L-shaped”
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Figure 9. Sub-wavelength experiment - non co-located 2-D case: Squared
Bias (Tr

[
E{∆xk}E{∆xk}t

]
) vs. SNR for Tx+Rx TR-MUSIC.

fashion). It is apparent that similar considerations apply as for
2-D setup, i.e. the proposed result describes more accurately
Tx+Rx TR-MUSIC asymptotic MSE with respect to CRLB.
Finally, it is worth noticing that a higher SNR is required
for our analysis to apply, since we are considering a more

complicated estimation task (indeed the unknown deterministic
vector is now xk ∈ R3). For completeness, in Fig. 11 we also
report %ndB

TR (x) for FL model and SNR = 20 dB, where it is
apparent localization of the two scatterers.

BA vs FL models - MSE gain: Finally, Fig. 14 reports a
scatter plot of (γ1, γ2), where γk , CRLBf (xk)

CRLBb(xk)
(“5” markers)

and CRLB(xk) denotes the MSE of kth target obtained
through CRLB [35]. Differently, in the case of TR-MUSIC,
γk (“◦” markers) is obtained via γmse

k in Eq. (68). The present
experiment is obtained by taking 200 realizations of the
following (2-D co-located) randomized setup: |τk| ∼ U(3, 4),
∠τk ∼ U(0, 2π), xk = [ (−8 + 16 dx,k) (−4− 8 dy,k)]

t
,

where dx,k ∼ U(0, λ) and dy,k ∼ U(0, λ) (see Fig. 13 for
the generated scatterers location distribution). We recall that
this analysis compares performance of BA and FL models
with same σ2

w and it is analogous to that presented in [35],
based on the sole CRLB. It is apparent that while in most
cases CRLB is improved when switching from BA to FL
model, TR-MUSIC is affected by an opposite trend, which
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Figure 10. Geometry for the considered imaging problem in 3-D space; non
co-located setup.
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in solid lines) vs. simulated (MC-based Tx+Rx TR-MUSIC, in dashed lines)
performance.

is coherent with numerical results in Figs. 3, 5 and 6. This
clearly represents a further proof that CRLB is only useful in
predicting MLE performance and rather the presented results
should be exploited for TR-MUSIC performance evaluation.
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Figure 13. Scatterers distribution in an example with 200 Monte Carlo runs.
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Figure 14. Scatter plot of (γ1, γ2) for CRLB and (theoretical) TR-MUSIC;
2-D co-located randomized setup.

V. CONCLUSIONS

In this paper we provided a theoretical performance analysis
for TR-MUSIC. We obtained an asymptotic (high-SNR) MSE
matrix expression for localization error in closed form. We
took advantage of a first-order approximation of position
error vector and a first-order perturbation of the SVD of
the MDM to obtain the presented results. Both co-located
and non co-located multistatic setups were considered. In
the latter scenario several variants of TR-MUSIC proposed
in literature were analyzed from a theoretical point of view.
Theoretical performances were confirmed by simulations in
2D/3D scenarios and were shown to predict MSE of TR-
MUSIC more accurately than CRLB, being representative only
of the high-SNR MLE performance. Finally, the obtained
results were exploited to find a simple expression for MSE
comparison when BA and FL models are considered.

Future research tracks will concern the theoretical analysis
of TR-MUSIC in multi-frequency setups, finite-sized scat-
terers, and array-modeling mismatches. Equally important,
propagation in non-homogeneous random media and clutter-
dominated environments will be considered as well. In the lat-
ter context, statistical stability of MSE with a multi-frequency
approach will be investigated, following [20].
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APPENDIX A
EXPLICIT FORM FOR D

In this appendix we provide a proof for Eq. (37). The (i, j)th
element of D(x,Un) is explicitly expanded as

di,j(x,Un) =

N∑
s=1

N∑
t=1

∂2

∂xi∂xj
[gs(x)∗ pn,s,t gt(x)] (73)
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which, after simple manipulations, is expressed as follows:

di,j(x,Un) =

N∑
s=1

N∑
t=1

[
∂2gs(x)∗

∂xi∂xj
pn,s,t gt(x)+

∂gs(x)∗

∂xj
pn,s,t

∂gt(x)

∂xi
+

∂gs(x)∗

∂xi
pn,s,t

∂gt(x)

∂xj
+ gs(x)∗ pn,s,t

∂2gt(x)

∂xi∂xj

]
(74)

In Eq. (74) the term pn,s,t indicates the (s, t)th element of
Pn , (UnU

†
n). Furthermore, di,j(x,Un) can be rewritten

compactly as

di,j(x,Un) =
∂2g(x)†

∂xi∂xj
Pn g(x) +

∂g(x)†

∂xj
Pn

∂g(x)

∂xi
+

∂g(x)†

∂xi
Pn

∂g(x)

∂xj
+ g(x)†Pn

∂2g(x)

∂xi∂xj
(75)

From Eq. (75) it is apparent that when di,j(x,Un) is evaluated
at xk, only second and third terms are non-zero, thus giving:

di,j(xk,Un) =

(
∂g(x)†

∂xj
Pn

∂g(x)

∂xi
+
∂g(x)†

∂xi
Pn

∂g(x)

∂xj

)∣∣∣∣
x=xk

= 2 <
{
∂g(x)†

∂xi
Pn

∂g(x)

∂xj

}∣∣∣∣
x=xk

(76)

Finally, Eq. (76) is written in matrix form as

D = 2<{J†k Pn Jk}, (77)

where Jk has the same meaning as in Eq. (33).

APPENDIX B
ON INVERTIBILITY OF D

We start by recalling that D ∈ Rp×p is:

D = Hx{P(x,Un)}|x=xk
= 2<{J†k Pn Jk} (78)

where Jk ∈ CN×p, Un ∈ CN×(N−M) and Pn ∈ CN×N ,
respectively. Also, p = 2 (resp. p = 3) in a 2D (resp. 3D)
geometry. In the noise-free case, xk is a stationary point of
P(x,Un), since

∇x{P(x,Un)}|x=xk
= 2<

{
J†k Pn g(xk)

}
= 0p, (79)

which follows from U †n g(xk) = 0N−M . A standard way
to verify whether such a stationary point is actually a local-
minimum for P(x,Un) is the multivariate test on second-
order derivative, namely checking the determinant of the
Hessian matrix of P(x,Un) in xk. Evidently, the Hessian
matrix evaluated in xk coincides with matrix D (cf. l.h.s. of
Eq. (78)). Also, by construction, D � 0 (cf. r.h.s. of Eq. (78)).
Unfortunately, only when D � 0 (thus invertible), we can
conclude that xk is a local minimum for P(x,Un). When D
is not invertible (viz. D � 0) the second derivative test is
inconclusive and thus xk may not even be a local minimum.
This degenerate situation invalidates the significance of an
analysis based on Taylor series expansion up to the second
order of TR-MUSIC pseudospectrum.

We thus focus on (sufficient) conditions for invertibility of
matrix D. In order to do so, we first consider the matrix

(J†k Pn Jk) ∈ Cp×p. Then, we notice that Rank(J†kPnJk) =
Rank(U †nJk). Also, Rank(U †n) = Rank(Un) = (N −M).
On the other hand, as to the Jacobian matrix Jk, it can be
easily shown that in 2D case it is always full rank (p = 2).
Analogously, in 3D scenario Jk is full rank (p = 3), unless
some pathological configurations are considered, e.g. the array
and the scatterer xk are both are displaced on the same plane.

Therefore, based on these considerations, it is apparent that
Rank(J†kPnJk) ≤ min{p,N −M}. We assume hereinafter
that the mild condition (N −M) ≥ p is satisfied. Then, the
considered matrix will be full-rank iff Rank{U †nJk} = p.
This is tantamount to showing that the columns of U †nJk are
linearly independent. For this reason, we consider a linear
combination of such columns, that is:

p∑
h=1

αhU
†
n jk,h = U †n

p∑
h=1

αh jk,h (80)

where jk,h denotes the hth column of Jk. Thus we need to
show that Eq. (80) is different from the zero vector unless
αh = 0, h ∈ {1, . . . p}. Therefore, assume that at least
one αh 6= 0, then

∑p
h=1 αh jk,h 6= 0N as Jk is full rank.

Furthermore, we notice that each jhk can be rearranged as
jk,h = Ahg(xk), where Ah ∈ CN×N is a diagonal matrix
whose entries depend on the specific geometry considered,
namely 2D or 3D (cf. Eqs. (65-67)). Accordingly, Eq. (80)
can be rewritten as:

U †nAg(xk) (81)

with A ,
∑p
h=1 αhA

h. It is worth noticing that PsA 6=
APs, where Ps , UsU

†
s (i.e. the projector into the signal

subspace). Therefore, PsAg(xk) 6= APsg(xk) = Ag(xk),
since g(xk) belongs to the signal subspace. We conclude that
Ag(xk) has a non-null projection onto the noise subspace.
Hence Eq. (81) cannot be a zero vector. Consequently, (U †nJk)
and (J†kPnJk) are of full rank p.

Finally, we focus on matrix D and for notational conve-
nience we define Ψ , (J†kPnJk). It thus follows:

D = Ψ + Ψ∗ = Ψ + Ψt (82)

Positive definiteness for D is easily proved by noticing that,
under the assumption that Ψ is of full rank, both Ψ � 0 and
Ψt � 0. Therefore, D � 0 as well and hence invertible.

APPENDIX C
CLOSED FORM FOR COVARIANCE MATRIX Σ∆xk

Here we give the detailed derivation for Eq. (41). We start
by exploiting Eq. (40) in the definition of Σ∆xk :

Σ∆xk =Γ−1
k E{<{B†kW αk}<{B†kW αk}t}(Γ−1

k )t (83)

Eq. (83) requires the evaluation of the inner expectation term.
After some manipulations, we get:

Ξ , E{<{B†kW αk}<{B†kW αk}t } = (84)
1

4
[B†k E{W αk α

†
kW

†}Bk + B†k E{W αk α
†
kW

t}B∗k+

(B†k E{W αk α
†
kW

t}B∗k + B†k E{W αk α
†
kW

†}Bk)∗]
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We evaluate the expectations in Eq. (84) as follows:

E
{
W αk α

†
kW

†
}

=

N∑
m=1

N∑
n=1

αk,mα
∗
k,n E

{
wmw

†
n

}
(85)

E
{
W αk α

†
kW

t
}

=

N∑
m=1

N∑
n=1

αk,mα
∗
k,n E

{
wmw

t
n

}
(86)

where we have denoted the nth column of W with wn. Since
vec(W ) ∼ NC(0N2 , σ2

w IN2), the following properties hold:

E{wnw†m} = δ(n−m)σ2
w IN E{wnwt

m} = ON×N
(87)

The aforementioned properties are exploited in Eqs. (85) and
(86), in order to show:

E
{
W αk α

†
kW

†
}

= ‖αk‖2 σ2
w IN ; (88)

E
{
W αk α

†
kW

t
}

= ON×N . (89)

R.h.s. of Eqs. (88) and (89) are then replaced into (84),
thus giving Ξ =

σ2
w

2 ‖αk‖
2<{B†k Bk}. Direct substitution in

Eq. (83) provides Eq. (41).

APPENDIX D
CLOSED FORM FOR COVARIANCE MATRIX Σ∆xTR,k

We start by exploiting Eq. (40) in the definition of Σ∆xTR,k :

Σ∆xTR,k = Γ−1
TR,k E

{
(rk + tk)(rk + tk)t

}
(Γ−1

TR,k)t (90)

where we have denoted tk , <{B†T,kW †αT,k}, rk ,

<{B†R,kW αR,k} and ΓTR,k , (ΓT,k + ΓR,k), respectively.
It can be noticed that E{rkrkt} and E{tktkt} can be evaluated
similarly as in Appendix C, thus giving:

E
{
rkrk

t
}

=
σ2
w

2
‖αR,k‖2 <{B†R,k BR,k}; (91)

E
{
tktk

t
}

=
σ2
w

2
‖αT,k‖2 <{B†T,k BT,k}. (92)

Differently, the sum of the cross-correlation matrices E{rkttk+
tkrk

t} is evaluated as follows:

(E{rkttk})t = E{tkrkt} = (93)

E{<{B†T,kW
†αT,k}<{B†R,kW αR,k}t} = (94)

1

4
B†T,k E{W

†αT,k α
†
R,kW

†}BR,k+

1

4
B†T,k E{W

†αT,k α
t
R,kW

t}B∗R,k+

1

4
(B†T,k E

{
W †αT,k α

t
R,kW

t
}
B∗R,k)∗+

1

4
(B†T,k E{W

†αT,k α
†
R,kW

†}BR,k)∗ (95)

Since vec(W ) ∼ NC(0NTNR , σ
2
w INTNR), identical proper-

ties as in Eq. (87) hold. The latter are exploited in Eqs. (85)
and (86), in order to show:

E{W †αT,k α
†
R,kW

†} = ONT×NR ; (96)

E{W †αT,k α
t
R,kW

t} = σ2
w αR,k α

t
T,k. (97)

Then, Eqs. (96) and (97) are back-substituted into Eq. (95),
thus obtaining:

E
{
tk r

t
k

}
=

σ2
w

2
<{B†T,k αR,k α

t
T,k B

∗
R,k} (98)

E
{
rk t

t
k

}
=

σ2
w

2
<{B†R,k αT,k α

t
R,k B

∗
T,k} (99)

Combining the obtained contributions leads to Eq. (63).
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